
Journal of Geophysical Research: Space Physics

RESEARCH ARTICLE
10.1002/2014JA020326

Key Points:
• Ionospheric potential and charge

dynamics for various charge genera-
tors in GEC

• Concept of impulse response of
GEC for effective representation of
GEC dynamics

• Novel approach to the
time-dependent model of GEC in
spherical coordinates

Correspondence to:
J. Jánský,
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Abstract We have developed a time-dependent model of global electric circuit (GEC) in spherical
coordinates. The model solves time-dependent charge continuity equation coupled with Poisson’s equation.
An implicit time stepping is used to avoid a strict dielectric relaxation time step condition, and boundary
conditions for Poisson’s equation are implemented to allow accurate description of time evolution of
the ionospheric potential. The concept of impulse response of GEC is introduced that allows effective
representation of complex time dynamics of various physical quantities in the circuit using model
results obtained for instantaneous deposition of a point charge. The more complex problems are then
reconstructed using convolution and linearity principles. For a point charge instantaneously deposited at
a typical thundercloud altitude the impulse response of the charge density shows induction of the same
value and polarity charge at the ionospheric boundary, while charge of the same value but opposite sign is
moving down logarithmically with time and neutralizes the source point charge on time scale
corresponding to the dielectric relaxation time at altitude of the source point charge. The ionospheric
potential is modified immediately with input of the source point charge based on free space solution
of Poisson’s equation. Then the ionospheric potential relaxes. It is shown that during formation of two
main charge centers of the thundercloud, typically represented by a current dipole, the ionospheric
potential can be determined from the difference of time integrals of two ionospheric potential impulse
responses corresponding to charge locations at the opposite ends of the current dipole. For latitude- and
longitude-independent conductivity model, the total charge on the Earth is exactly zero at all times. During
cloud-to-ground lightning discharge, the ionospheric potential changes instantaneously by a value
proportional to the charge moment change produced by lightning and then relaxes to zero. For a
typical charge moment change of 35 C km and lightning frequency 10 s−1, the ionospheric potential
changes by 9.3 kV; this value agrees well with the results presented by Rycroft et al. (2007) and Rycroft
and Odzimek (2010).

1. Introduction

The global electrical circuit (GEC) is established by the naturally occurring presence of a thin veneer of
insulating air (our atmosphere) sandwiched between the highly conducting Earth and the conducting
mesosphere/ionosphere [e.g., Williams, 2009]. Wilson [1921] first suggested that thunderstorms and pre-
cipitation from electrified shower clouds are the main generators in the GEC. The GEC is also influenced by
upper atmospheric generators, such as the ionospheric dynamo and the high-latitude generator associated
with magnetospheric convection [Roble and Hays, 1979].

A typical thundercloud with positive charge center positioned above the negative charge center produces
upward (toward ionosphere) current flow. The totality of thunderstorms acts together and charges the
ionosphere to a potential of several hundred kilovolts with respect to the Earth’s surface [e.g., Dolezalek,
1972]. This potential difference drives a vertical electric current downward from the ionosphere to the
ground in all nonthunderous or fair weather regions, thus closing the global current system in GEC. The fair
weather current varies according to the ionospheric potential and the total columnar resistance between
the ionosphere and the Earth. Hays and Roble [1979] modeled thunderstorms as pairs of positive and
negative quasi-static point current sources and quantified the large electric potential difference between
ionosphere and the Earth that is maintained by large scale thunderstorms. Recent progress on the global
electric circuit is summarized by Rycroft et al. [2012] and Williams and Mareev [2014].
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Modeling of GEC evolved over the last 70 years with some relevant references summarized recently in,
e.g., Mallios and Pasko [2012]. Analytical thunderstorm model [Holzer and Saxon, 1952; Driscoll et al., 1992]
was developed for steady state conditions. This model solves the potential distribution in space and time for
current dipole source and exponential profile of conductivity. The model gives formula for upward current
(conducting current flowing from current dipole upward to ionosphere). The upward current is propor-
tional to the source current and is an exponential function of the ratio of altitudes of dipole sources and
characteristic altitude scale of conductivity [Holzer and Saxon, 1952; Driscoll et al., 1992]. Mathematical cal-
culations to estimate the current contribution for different types of charge generators existing in the GEC
were provided also by Kasemir [1994]. The Earth was represented as a sphere with constant potential due to
its high conductivity. The calculation of the current budget of the GEC based on this model showed that the
generator outputs are balanced by an additional current source which provides the Earth with an equally
distributed charge density on its surface and gives it a negative potential value. The results of Kasemir [1994]
were discussed in comments [Driscoll and Blakeslee, 1996; Williams, 1996], but despite a numerical error and
consecutive overstatements, the basic approach remained correct. Makino and Ogawa [1984] developed
Earth’s GEC model with realistic distribution of thunderstorms and altitude and latitude variations of con-
ductivity. Responses of atmospheric electric field to variations of conductivity profiles were evaluated using
this model. Recently, Kalinin et al. [2014] analyzed spherical model of the GEC, composed of two conduct-
ing spheres representing lower and upper atmospheric boundaries. The well posedness of the model was
proven and analytical relation of ionospheric potential as a function of source currents was developed for
altitude dependent conductivity.

A time-dependent model that simulates the interaction of a thunderstorm with its electrical environment
was introduced by Browning et al. [1987]. This model was the first that introduced the spherical geom-
etry with axially symmetric storm. An implicit time stepping was proposed. The analytical techniques
were also applied to study the dependence of the solution on the properties of the medium determin-
ing two time scales of the problem: one determined by the background electrical conductivity and the
other by the time dependence of the source function. In Stansbery et al. [1993], similar model was imple-
mented to calculate the electric field and current distribution from a thunderstorm source in the GEC. The
model included a hemisphere in which the thunderstorm was located, an atmosphere and ionosphere
with anisotropic height-variable conductivities, and a passive magnetic conjugate hemisphere connected
with an equalization layer. It is shown that approximately half of the current that reaches the ionosphere
flows into the conjugate hemisphere and the rest is redirected to the fair weather portion of the storm
hemisphere [Stansbery et al., 1993].

Time-dependent models [Illingworth, 1972; Dejnakarintra and Park, 1974; Mareev et al., 2008; Mallios and
Pasko, 2012], operating in cylindrical coordinates locally around thunderstorm, focused on electric field and
currents flowing around the thunderstorm during transient lightning discharges. Dejnakarintra and Park
[1974] evaluated lightning-induced electric fields in the ionosphere using Fourier spectrum of source wave
form of electric charges in thunderclouds that are subjected to repeated lightning discharges. Mareev et al.
[2008] examined the way in which different types of lightning drive current in GEC. Mallios and Pasko [2012]
calculated charge transfer to the ionosphere and to the ground during thunderstorms accounting for slow
accumulation of charge during thunderstorm formation, lightning, and thunderstorm dissipation phases.

An analog quantitative model of the GEC was constructed using PSpice electrical engineering software
by Rycroft et al. [2007] and Rycroft and Odzimek [2010]. Currents (∼1kA) above thunderstorms and electri-
fied rain clouds raised the potential of the ionosphere to ∼250kV with respect to the Earth’s surface. The
circuit was completed by currents flowing down through the fair weather region. The effects of lightning
and sprites on the ionospheric potential were estimated. It was found that negative cloud-to-ground (CG)
discharges increase the ionospheric potential by ∼4% and positive CG discharges reduce it by ∼3%. The
proportionality of ionospheric potential change due to CG lightning discharge as a function of associated
charge moment change was demonstrated [Rycroft and Odzimek, 2010]. The charge moment change of
lightning is the product of the charge transferred and its altitude. The dipole moment of lightning is defined
to be twice (i.e., including the image charge in the good conducting ground) the product of the charge
transferred to the ground and the altitude from which it was transferred.

The purpose of this paper is to introduce time-dependent spherical model of GEC which allows to
self-consistently track the evolution of charge density, electric field, and potential in time. A novel approach
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Figure 1. Schematics of the computational domain. (a) Schematically (drawn not to scale) full view of Earth, top iono-
spheric boundary, and zero potential remote boundary. (b) Zoom in view of the volume close to axis 𝜃=0◦ where
the initial point charge is introduced (left) and schematic representation of movement of charges after the source
point charge is introduced (right). (c) Zoom in schematics of a thunderstorm as dipole current source (left). When the
−CG lightning transfers the negative charge −1 C, a charge dipole is used to represent the −CG lightning discharge as
schematically shown in Figure 1c (right).

to boundary conditions is implemented to allow time-dependent development of ionospheric potential
from first principles and avoiding approximations typically used in past works on GEC. Additionally, the
analysis of a solution for relaxation of an instantaneously deposited point charge is examined from a point
of view of impulse response. It is demonstrated that concept of impulse response leads to a significant
speedup of simulations with more complex sources when convolution and linearity principles are employed.

In section 2 the model is introduced and described. Section 3.1 shows the impulse response results for
instantaneous input of a point charge. In section 3.2 the results representing formation of two main charge
centers of thunderstorm using dipole current source are reported, and the same results are then reproduced
using the convolution operation utilizing obtained impulse responses. Section 3.3 discusses contribution of
a negative cloud-to-ground (CG) lightning to the ionospheric potential. Section 4 provides discussion and
interpretation of results.

2. Model Formulation

We introduce a time-dependent axially symmetric spherical model of the electrical behavior of the global
electric circuit. The model is based on continuity equation for charge density 𝜌:

𝜕𝜌

𝜕t
+ ∇⃗ ⋅ (𝜎 E⃗) = Scur , (1)

and Poisson’s equation for the electric potential 𝜙:

∇⃗2𝜙 = −𝜌∕𝜀0 , (2)

where E⃗ = −∇⃗𝜙 is the electric field, 𝜎 is the conductivity of the media, Scur is the current source term, and
𝜀0 is the permittivity of free space. Relative permittivity is constant and equal to 1 everywhere in the simula-
tion domain. The relative permittivity of Earth is assumed to be 1 as a first approximation. We have verified
that change of relative permittivity by 1 order of magnitude does not modify the ionospheric potential
results presented in this work. The system of equations (1) and (2) is valid assuming that the time deriva-
tive of the magnetic vector potential is much less than the gradient of the electric potential [Jackson,
1999, pp. 239–246] and is widely used in modeling of GEC [Browning et al., 1987; Driscoll et al., 1992;
Stansbery et al., 1993].

The schematics of our simulation domain is shown in Figure 1a. The model employs spherical coordinate
system (r, 𝜃, 𝜑) with origin positioned at the center of the Earth at r=0 km. The model domain includes
highly conducting Earth, a relatively thin layer (typical model values are ≃100 km, see below) represent-
ing weakly conducting atmosphere and the ionosphere, and a very large free space domain bounded
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by a remote spherical shell representing physical condition of zero potential U=0 at infinity (Figure 1a).
The geometry of the model and implementation of the boundary conditions for Poisson’s equation allow
to study time evolution of ionospheric potential from the first principles. The ionospheric potential UIE

is defined as the difference between average potential on the top ionospheric boundary and average
potential on the Earth:

UIE =
∮tib 𝜙dS

Stib
−

∮Earth 𝜙dS

SEarth
, (3)

where surface integrals are calculated over the top ionospheric boundary and Earth surfaces, with areas
Stib and SEarth, respectively. In the proposed model the only required boundary condition for the Poisson’s
equation is potential on the outside boundary. We use a zero potential on the outside boundary of the
domain which is set very far from the Earth at Rout =1414 REarth =9.01×106 km to approximate zero potential
in free space at infinity. Earth is described as a sphere of radius REarth= 6371 km in the center of the domain.
We implement periodic boundary conditions for 𝜑.

To describe motion of charges inside the system, spatially variable conductivity is introduced. Inside the
Earth the conductivity is set to 𝜎Earth = 10−6 S m−1. This conductivity is artificially chosen as first approxima-
tion to be sufficiently high to allow evolution of charge inside the Earth on timescales faster than the times
of ionospheric potential variation. In the air above the Earth surface the exponential approximation of the
conductivity is used [Dejnakarintra and Park, 1974]:

𝜎(h) = 5 × 10−14 eh∕l S m−1, (4)

where h is the altitude and l=6 km is the altitude scaling distance. Then Rtib =REarth +hiono, where
hiono =100 km describes radial distance corresponding to the top of the model ionosphere. Above Rtib, in
the area considered as free space, the conductivity is set to zero. Zero conductivity of free space surround-
ing GEC keeps charge confined to GEC. The specific choice of hiono and Rtib values does not affect any results
presented in the present work. Tzur and Roble [1985] indicated the importance of the equalization layer in
spreading the current output from the thunderstorm and in maintaining global fair weather conditions.
The altitude 100 km of top ionospheric boundary is chosen to correspond to sufficiently high conductivity
so that the whole top ionospheric boundary will behave with good accuracy as an equipotential layer. We
emphasize the importance of accurate model representation of the highly conducting ionosphere for cor-
rect description of charge flow and redistribution in this system. In reality, various processes contribute to
charge redistribution in ionosphere [Tzur and Roble, 1985; Stansbery et al., 1993]. Our high-altitude boundary
captures principal dynamics of the real system by employing exponential conductivity profile and simple
boundary conditions.

The domain is split in spherical structured mesh characterized by cell centers (r, 𝜃, 𝜑). In radial direction
inside the Earth the mesh step is 100 km. Close to the Earth surface the step is decreased exponentially with
factor 1.15 to the size 100 m on the Earth surface. Above the Earth surface the homogeneous mesh step of
1 km is used until the top ionospheric boundary is reached and then mesh step exponentially expands with
a factor of 1.1 until the end of the domain at Rout. In the direction of latitude, the 𝜃 mesh near 𝜃=0◦ has a
constant step of 0.0045◦ corresponding to 0.5 km mesh size on Earth surface. The model sources are input
at 𝜃=0◦, and we take advantage of axial symmetry. Then from 𝜃=0.27◦ the mesh is exponentially expanded
with a factor 1.1 until it reaches step 1.8◦ corresponding to step 200 km on the Earth surface which is then
kept constant. Under these symmetric conditions, only one cell (0, 2𝜋) is required to describe the direction
in longitude 𝜑. The overall number of (r, 𝜃, 𝜑) grid points used in the present study is (325, 211, 1).

The equations (1) and (2) are discretized in space using finite volume method [LeVeque, 2002]. This method
is conservative and is chosen to ensure precise charge conservation. The scalar variables (charge density and
potential) are defined at cell centers, while vector variables (electric field and current density) are defined
on cell interfaces (more accurately at centers of those interfaces). The simulation inputs are defined as used
by equations, the current source term Scur is defined in cell centers, and conductivity on cell interfaces. The
gradient of potential and electric field Ej in the direction of increasing index j are discretized as

∇⃗𝜙j,j+1 = −E⃗j =
𝜙j+1 − 𝜙j

Δ
a⃗j , (5)
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where 𝜙j corresponds to the potential at the center of jth cell, a⃗j is a unit vector of direction of index j and Δ
corresponds to the distance between centers of j and j + 1 cell.

For time discretization the implicit method is used [Browning et al., 1987; Stansbery et al., 1993]. This method
of time advancement is free of time step constraints and allows significant freedom in choosing time step
depending on the physical regime of interest. For advancement from tn to tn+1 with the time step Δt, first,
the charge density in every cell is updated due to the source current term:

𝜌n+1,∗ = 𝜌n + Δt Scur . (6)

Then the charge density has to be advanced in time due to current density J⃗ = −𝜎 ∇⃗𝜙:

𝜌n+1 = 𝜌n+1,∗ + Δt
V ∮

S

𝜎∇⃗𝜙n+1 ⋅ dS⃗, (7)

where V is the volume of each cell and S is the surface of each cell. It is important to note that 𝜙n+1 is taken
implicitly at a new time tn+1 and is not known yet. The Poisson’s equation (2) in integral form (i.e., Gauss’s
law) at time tn+1 is as follows:

∮
S

𝜀0∇⃗𝜙n+1 ⋅ dS⃗ = −𝜌n+1 V. (8)

Substituting 𝜌n+1 from equation (7) to equation (8) results then in an equation with one unknown 𝜙n+1:

∮
S

[
(𝜀0 + Δt 𝜎)∇⃗𝜙n+1

]
⋅ dS⃗ = −𝜌n+1,∗ V. (9)

Having solved equation (9) for 𝜙n+1, a new charge density 𝜌n+1 is evaluated from equation (7). The equations
have to be solved for each cell in the domain. Surface integrals are replaced with sums over the faces of
the cells. Equations (6) and (7) are solved for each cell independently. The equation (9) features spatial gra-
dient of unknown potential 𝜙n+1 which means that equation for every cell includes also the neighbor’s
cell unknown and it results in a large sparse linear system of equations and is solved using direct solver
MUMPS [Amestoy et al., 2001]. For simulations targeting description over all possible timescales, we use
exponential advancement in time (in units of seconds):

tn = 10−7+0.01∗n . (10)

We have compared the results of ionospheric potential for this time advancement with 10 times finer one,
and the error was less than 0.1%. For calculations involving operation of convolution (see below), a constant
time step Δ t= 10−3 s is used, also leading to error less than 0.1%.

The system of equations (1) and (2) forms an initial boundary value problem and is linear as conductiv-
ity 𝜎 is not a function of any unknowns (𝜌, 𝜙, E⃗ ). The evolution of a linear system after short input signal
is called impulse response in signal processing [Lyons, 1997, p. 165]. In the context of GEC, we simulate
impulse response of the system after instantaneous input of source point charge at t=0. In our simulations
the source point charge is placed on axis 𝜃=0 to take advantage of symmetry, but the concept is valid for
any placement. We assume the source currents on the right-hand side of equation (1) equal to zero to study
only the response to the input charge. We refer to the evolution of such system as impulse response to the
instantaneous input of charge.

Analogically, from the mathematical point of view, the instantaneous input of source point charge is repre-
sented by the delta functions in time and space and can be written as Scur = Q 𝛿( r⃗ − r⃗0) 𝛿(t), where Q is the
charge and r⃗0 corresponds to the position vector where the point charge is inserted. Then the equation (1)
with delta function right-hand side Scur is in a form of inhomogeneous linear differential equation used for
definition of Green’s function [Arfken and Weber, 2012, p. 447]. The impulse response solution is therefore
equivalent to the Green’s function. In this paper we use impulse response terminology and emphasize direct
analogy of our solutions with Green’s function formulation. In the past, the spatial Green’s function was
considered in quasi-static GEC model calculations [Hays and Roble, 1979].

We assumed zero source currents in the discussion in the previous paragraph to introduce the concept
of impulse response. To obtain the behavior of complex systems including source currents, we consider
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point source currents at position r⃗0 as a sequence in time of instantaneous inputs of point source charges at
the same location. Then the problem can be solved using convolution operation of precalculated impulse
responses corresponding to spatial location of source current and source currents themselves. For example,
the solution of potential 𝜙( r⃗, t) at arbitrary position r⃗ and at time t is then the convolution (∗) of potential
impulse response 𝜙IR( r⃗, t) and source current I(t) on time interval (0, t):

𝜙( r⃗, t) = I(t) ∗ 𝜙IR( r⃗, t) =

t

∫
0

I(𝜏)𝜙IR( r⃗, t − 𝜏)d𝜏 . (11)

The impulse response 𝜙IR corresponds to the instantaneous input of source point charge of 1 C at the same
spatial position as the location of the point source current I(t). The impulse response in this case is equal
to potential per unit charge and has the dimension V C−1. The point source current I(t) is connected to the
current source term as Scur = I(t) 𝛿( r⃗ − r⃗0). Same procedure is valid for other unknowns, electric field E⃗ and
charge density 𝜌.

In this work, sources are assumed to be point charges or point currents. The solutions for more complex spa-
tial distributions of sources can be reconstructed using linearity principles as linear combination (or integral
for continuous source function) of solutions corresponding to point charges. For example, the ionospheric
potential UIE(t) caused by N source currents Ij at N different positions hj is written as follows:

UIE(t) =
∑

1≤j≤N

Ij(t, hj) ∗ UIR
IE(t, hj) , (12)

where UIR
IE(t, hj) is the impulse response of ionospheric potential to the instantaneous input of source point

charge of 1 C at position hj .

In this work we first present calculations of the impulse response to the simplest element, namely,
instantaneous input of source point charge of 1 C. Following that we show how convolutions and linear
combinations of impulse responses allow to efficiently construct the solutions of more complex problems
in GEC including formation of two main charge centers of the thunderstorm and negative cloud-to-ground
lightning discharge. The presented new formulation provides a straightforward physical interpretation of
these problems.

3. Results
3.1. Impulse Response of a Point Charge
In this section the impulse response of the GEC to the instantaneous input of a point charge at t=0 s is
described. Impulse response of a physical quantity of interest is calculated per unit input charge 1 C allowing
easy scaling of results for any charge of interest. As illustrated in Figures 1a and 1b, the point charge of 1 C is
introduced inside the cell with the center at altitude h=9.5 km. First cell next to the axis 𝜃=0◦ (cell center is
at r=6380.5 km and 𝜃=0.0022◦) is used to take advantage of the axial symmetry. The source charge density
inside this cell is 1 C divided by the volume of the cell: 1.27 × 10−9 C∕m3.

The charge density shows multiscale behavior in time and space. Therefore, the exponentially increasing
time instants are chosen and spatial plots are separated to show the view of full Earth and zoom in view
around the source point charge for better representation. In Figure 2 the two-dimensional view of charge
density is shown for four different instants of time 10−4, 10−2, 100, and 102 s. The right-hand side of each
panel (x>0 km) corresponds to 𝜑=0◦, and the left-hand side (x<0 km) to 𝜑=180◦ (due to symmetry of the
problem, the results are symmetric). In Figures 2e–2h a view of the full Earth is shown. The radial coordinate
is transformed as r∗ = r − REarth +100 km for better visual representation.

The behavior of charge density in the proximity of the source point charge is illustrated in Figures 2a–2d.
First at t=10−4 s the positive charge is induced on the top ionospheric boundary and negative charge is
induced immediately under the top ionospheric boundary. Then, as the time increases to t=10−2 s, nega-
tive charge is moving down to lower altitudes with lower conductivity. The positive charge density at the
top ionospheric boundary is reduced but is still positive. At t=100 s, the positive and negative charges
are located mostly around the source point charge and the neutralization of source point charge begins.
At t=102 s the charge density at source point charge location is reduced to values under 10−10 C∕m3. At
t=104 s (not shown on figures) the charge density is negligible around the location of source point charge.

JÁNSKÝ AND PASKO ©2014. American Geophysical Union. All Rights Reserved. 6



Journal of Geophysical Research: Space Physics 10.1002/2014JA020326

R=6371 km

−200 −100 0 100 200
−200

−100

0

100

200

R=6371 km

−200 −100 0 100 200
−200

−100

0

100

200

R=6371 km

−200 −100 0 100 200
−200

−100

0

100

200

R=6371 km

−200 −100 0 100 200
−200

−100

0

100

200

−60 −40 −20 0 20 40 60

6380

6400

6420

6440

6460

6480

−60 −40 −20 0 20 40 60

6380

6400

6420

6440

6460

6480

−60 −40 −20 0 20 40 60

6380

6400

6420

6440

6460

6480

−60 −40 −20 0 20 40 60

6380

6400

6420

6440

6460

6480

Charge Density [C/m3]

10-1210-15±10-18-10-15-10-12 10-1810-19±10-20-10-19-10-18

x [km]x [km]

]
mk[

z
]

mk[
z

]
mk[

z
]

mk[
z

(a)

(b)

(c)

(d)
(h)

(g)

(f)

(e)

t=10 -4 s

t=10-2 s

t=100 s

t=102 s

point
charge

positive Q
on TIB

negative Q
under TIB

positive Q
on TIB

negative Q

negative Qpositive Q
under point charge

positive Q
under TIB

large negatively
charged layer

large negatively
charged layer

positive Q
on TIB

Figure 2. Two-dimensional view of charge density. Zoom in view of volume around source point charge at times
(a) 10−4, (b)10−2, (c)100 and (d) 102 s. (e)–(h) View of full Earth at corresponding times. For convenience of presentation
the radial coordinates are transformed as r∗ = r − REarth + 100 km.

JÁNSKÝ AND PASKO ©2014. American Geophysical Union. All Rights Reserved. 7



Journal of Geophysical Research: Space Physics 10.1002/2014JA020326

−0.5 0 0.5 1
−20

0

20

40

60

80

100

−0.5 0 0.5 1
−20

0

20

40

60

80

100

−0.5 0 0.5 1
−20

0

20

40

60

80

100

−0.5 0 0.5 1
−20

0

20

40

60

80

100

−90 −60 −30 0 30 60 90
10

−20

10
−15

10
−10

10
−5

−90 −60 −30 0 30 60 90
10

−20

10
−15

10
−10

10
−5

−90 −60 −30 0 30 60 90
10

−20

10
−15

10
−10

10
−5

−90 −60 −30 0 30 60 90
10

−20

10
−15

10
−10

10
−5

LatitudeLinear charge density [C/km]

m/
C[

egrah
C

ecafru
S

2 ]
m/

C[
egrah

C
ecafru

S
2 ]

m/
C[

egrah
C

ecafru
S

2 ]
m/

C[
egrah

C
ecafru

S
2 ]

A
lti

tu
de

 [k
m

]
A

lti
tu

de
 [k

m
]

A
lti

tu
de

 [k
m

]
A

lti
tu

de
 [k

m
]

Ionosphere,+

Ionosphere,+

Ionosphere,+

Ionosphere,+

Ionosphere,-

Earth,+ Earth,-

Earth,+

Earth,+

Earth,+

Earth,-

Earth,-

t=10-4 s

t=10-2 s

t=100 s

t=102 s

(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h) Earth,-

-1C

-1C

-1C

1C

1C

1C

1C

1C

1C

1C

Figure 3. (a)–(d) Horizontally integrated (over 𝜃 and 𝜑) linear charge density as a function of altitude, which correspond
to times 10−4, 10−2, 100, and 102 s. The total charges over circled altitude intervals are evaluated and labeled. (e)–(h)
Surface charge density 𝜌S on the top ionospheric boundary (Ionosphere, 𝜌S,TIB) and Earth surface (Earth, 𝜌S,Earth) at
respective times as a function of latitude. The source point charge is located at latitude 90◦ corresponding to 𝜃 = 0◦ . The
magnitude of surface charge density is plotted using logarithmic scale and the sign of charge is marked explicitly by a
plus or minus sign.

Observed behavior of negative charge movement to lower altitudes with lower conductivity can be under-
stood using a moving capacitor plate model presented by Greifinger and Greifinger [1976]. The time at
which the negative charge is present at given altitude corresponds to the dielectric relaxation time at that
altitude. It means that for exponential conductivity profile, defined by equation (4), linear decrease of neg-
ative charge altitude h− with logarithmic increase of the time t (t<𝜀0∕𝜎0) is expressed as follows [Hale and
Baginski, 1987; Pasko et al., 1997, equation (B6)]:

h−(t) ≃ −l ln

(
𝜎0 t

𝜀0

)
, (13)
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Figure 4. Two-dimensional view of charge density at time 10−2 s. For
convenience of presentation the radial coordinates are transformed as
r∗ = r − REarth + 100 km. Surface charge density on the top ionospheric
boundary is labeled 𝜌S,TIB and on Earth surface is 𝜌S,Earth.

where 𝜎0 refers to conductivity on
Earth surface 5 × 10−14 S m−1 and l is
the altitude scaling distance defined
after equation (4). The moving
charge layers above lightning pro-
ducing thundercloud are observed
and described also in [Riousset
et al., 2010].

In Figures 2e–2h the impulse
response of charge density around
full Earth is illustrated. It is important
to note that the rectangles drawn
around the source point charge
schematically representing the area
of zoom in view of Figures 2a–2d, do
not correspond to the actual limits of
zoom in views. In Figures 3e–3h the
surface charge density distribution
along the top ionospheric bound-
ary and Earth surface is illustrated
to complement two-dimensional
plots. Apart from the area located

in proximity of the source point charge, the behavior of charge density is essentially one-dimensional in
r as it varies only in vertical direction. The one-dimensional behavior of the charge density is represented
by a large negatively charged layer in the atmosphere around most of the Earth. In Figure 2e at t=10−4 s,
the complex structure of charge is induced on the top ionospheric boundary and under it. Three regions
are identified. First, above the source point charge for 𝜃≤10−1◦, the positive charge is induced on the top
ionospheric boundary and the negative charge is induced under it as presented in Figure 2a. For 𝜃∼1◦ the
negative charge is induced on the top ionospheric boundary and the positive charge is induced under.
For 𝜃>10◦, one-dimensional area, positive charge is induced on the top ionospheric boundary and the
large negatively charged layer is induced under. The surface charge on Earth is composed of high negative
surface charge located just under the source point charge. The surface charge then drops by 5 orders of
magnitude outside of the immediate vicinity of the source, and a small positive surface charge is observed
in the rest and most of the domain. It is interesting to note that surface charge densities on Earth sur-
face and top ionospheric boundary have the same positive sign and are equal in fair weather region. At
t=10−2 s all volume charges are moving in the direction toward lower altitudes, and the top ionospheric
boundary is positively charged everywhere. In Figure 4 charge density at t=10−2 s is illustrated in midrange
view for better visual representation of all spatial scales together. With the time increasing it is observed
in Figures 2e–2h, how the large negatively charged layer is moving down analogically to a moving capac-
itor plate model presented by Greifinger and Greifinger [1976]. It is interesting to note that for t=102 s the
large negatively charged layer reaches the Earth, neutralizes the surface charge on Earth’s surface, and
the only significant volume charge is now located around the source point charge. At t=104 s (not shown
on Figure 2) all the volume charge disappears and the system reaches a convergent state with all charge
located on the top ionospheric boundary.

To better understand the behavior of the charge, in the Figures 3a–3d, the horizontally integrated (in 𝜃 and
𝜑 over whole Earth) linear charge density as a function of altitude is shown. The linear charge density shows
three distinct altitude areas and is integrated over them, to obtain total charge in each of them, as marked
by circled areas in the Figures 3a–3d. At t=10−4 s it is seen that at h=9.5 km the charge is equal to source
point charge 1 C. At the top ionospheric boundary the charge of the same sign and value 1 C is induced.
Under the top ionospheric boundary the negative charge is spread over several kilometers of altitude, but in
total it gives charge −1 C to conserve the total charge in the domain. This negative charge is formed domi-
nantly from the large negatively charged layer, while the charges close to the source point charge contribute
less. The negative charge is moving down with increasing time. At t=100 s the negative charge is reach-
ing the position of the source point charge, and at t=102 s the source point charge is almost neutralized.

JÁNSKÝ AND PASKO ©2014. American Geophysical Union. All Rights Reserved. 9



Journal of Geophysical Research: Space Physics 10.1002/2014JA020326

Figure 5. Impulse response of ionospheric potential UIR
IE corresponding to deposition of a source point charge 1 C located at altitude h=9.5 km (full line) and

4.5 km (dashed line). Different formatting used to effectively represent different scales of physical system: (a) logarithmic t—linear UIR
IE , (b) linear t—linear UIR

IE , and
(c) linear t—logarithmic |UIR

IE |.

This is not in contradiction with results on Figure 2d where the charge around the source is still present, but
it is small compared to the total charge 1 C. All the charge 1 C is then located only on the top ionospheric
boundary. It is interesting to note also that spatial distribution of surface charge on Earth at all times (see
Figures 3e–3h) is variable, but the total surface charge on Earth is zero at all times (see Figures 3a–3d for
altitude 0 km).

The ionospheric potential is defined by equation (3) as the difference between average potentials on the
top ionospheric boundary and on Earth. The time evolution of ionospheric potential related to the case of
point charge 1 C instantaneously deposited at altitude h=9.5 km is shown in Figures 5a–5c with solid line. It
is seen in Figure 5a that the ionospheric potential remains constant for t<10−5 s. This value corresponds to
the difference between average potential on the Earth and average potential on the top ionospheric bound-
ary, where the potential of point charge is simply solved in free space (no other charge is yet induced in the
system), schematically represented in Figure 1a. The ionospheric potential is negative, which means that
the average potential on the Earth is higher than the average potential on the top ionospheric boundary.
This is valid for every position of point charge in between the Earth and the top ionospheric boundary, and
the explanation is presented in Appendix A. It is important to note that surface charge on Earth is induced
very fast but as the total surface charge of Earth is zero (see Figures 3a–3d for altitude 0 km), the iono-
spheric potential is not modified. Then as the time reaches the dielectric relaxation time scale of the top
ionospheric boundary 10−5 s, the charge in and under the top ionospheric boundary starts to be induced
and modifies the ionospheric potential. It is seen that the absolute value of ionospheric potential is decreas-
ing linearly with logarithm of time (for t<100 s) analogically to the altitude of negative charge −1 C as seen
in Figures 3a–3c. The relation of the charge altitude and ionospheric potential is demonstrated later in this
section. Then from Figure 5c it is seen that the absolute value of the ionospheric potential drops approxi-
mately exponentially for times t>10 s. The decrease is not exactly exponential, and the characteristic times
are in the range of 20% from the dielectric relaxation time corresponding to the altitude of the source point
charge—tDRT = 36.3 s at h = 9.5 km. At the convergent state, all the charge is homogeneously distributed
over the top ionospheric boundary and the system behaves as a spherical conductor. The potential of the
spherical conductor charged with 1 C with the radius of the top ionospheric boundary REarth + hiono is then
as follows:

1
4𝜋 𝜀0

1 C
(REarth + hiono)

= 1.39 kV . (14)

As the potential inside the conducting sphere is constant, the potential on the top ionospheric boundary is
equal to the potential on the Earth surface and the ionospheric potential is equal to zero.

In Figures 5a–5c, impulse response of ionospheric potential corresponding to sudden introduction of source
point charge at altitude 4.5 km is also illustrated. It is seen that impulse response corresponding to the lower
altitude source point charge has higher negative peak value (corresponds to free space solution) and is
relaxing longer. The peak values obtained from simulation are shown in Figure 6a. It is seen that peak values
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Figure 6. (a) Peak value of ionospheric potential impulse response (corresponding to free space solution) as a func-
tion of altitude of the source point charge. The prediction function is almost linear and plotted from equation (15). (b)
MIR

IE —time integral of ionospheric potential impulse response UIR
IE as a function of altitude of the source point charge.

The prediction function is decreasing exponentially and plotted from equation (16).

almost follow linear dependence on height. However, a small correction in the denominator of prediction
function has to be introduced to reproduce simulation data:

UIR
IE(h) =

h − hiono

4𝜋 𝜀0

[
R2

Earth + REarth(hiono + h) + hiono h
] . (15)

This analytical prediction is described and proved in Appendix A in the form of equation (A2). Linear
decrease of the absolute value of the ionospheric potential with logarithm of time in Figure 5a then
corresponds to a linear decrease of negative charge altitude with logarithm of time as seen in Figures 3a–3d.

As will be demonstrated later in sections 3.2 and 3.3, MIR
IE , the time integral (from t = 0 to ∞) of ionospheric

potential impulse response is a very important quantity. In Figure 6b, altitude dependence of this time inte-
gral is shown. This integral can be directly interpreted in terms of area enclosed above the curves and below
the top horizontal axis in the linear plots of Figure 5b. It is found that the short time scales do not con-
tribute to the integral, and it is mostly the exponential drop phase which contributes to the integral value.
During the exponential drop phase the absolute value of the ionospheric potential drops exponentially
with characteristic time similar to the dielectric relaxation time at the altitude of the source point charge

Figure 7. Two-dimensional view of charge density at steady state of thunderstorm charging phase. (a) Zoom in view
of volume around source current dipole. (b) View of full Earth. The radial coordinates of full view are transformed as
r∗ = r − REarth + 100 km.
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Figure 8. Surface charge density distribution on Earth surface as a
function of latitude for the case of steady state current dipole source
depicted in Figure 1c. The surface charge density is plotted on log-
arithmic scale and sign of charge is explicitly marked by a plus or
minus sign.

(see discussion related to Figure 5c).
Then the prediction function can be
formed to characterize the exponential
dependence:

MIR
IE,prediction(h) =

MIR
IE(href)

exp (Δh∕l)
, (16)

where Δh = h − href is the altitude dif-
ference from the reference point and
l = 6 km is the scaling distance of con-
ductivity. The altitude of the reference
point can be chosen arbitrarily, but lower
altitudes are preferred as the prediction
function gives better fit for lower alti-
tudes than for higher altitudes. For the
prediction function plotted in Figure 6b,
the lowest altitude point is chosen as
href =0.5 km. It is seen that for low alti-
tudes the prediction function is very
well correlated with simulation data and
therefore confirms exponential depen-

dence of time integral of ionospheric potential impulse response with altitude of source point charge. For
higher altitudes with more than 2 orders of magnitude smaller integrals, small differences appear. For higher
altitudes the exponential drop phase is faster and then contribution of initial logarithmic part of impulse
response is relatively higher and violates the assumptions for equation (16). For example, the integral
calculated from simulation at h = 39.5 km deviates by 10% from the predicted data.

3.2. Formation of Two Main Charge Centers of the Thunderstorm
In this section the formation of two main charge centers of the thunderstorm, also referred to as charging
phase, is studied. The processes leading to charge separation inside the cloud are represented by a source
current dipole [Holzer and Saxon, 1952; Tzur and Roble, 1985]. The schematics is shown on Figure 1c. The
source current dipole is placed at 𝜃=0◦. Positive current Is =1 A is placed in a cell with center at altitude
h=9.5 km, and negative current −Is =−1 A is placed in a cell with center at altitude h=4.5 km. Mathemat-
ically these initial conditions evolve to a steady state solution with one current dipole source supporting
the global electric circuit. This case is chosen to demonstrate the use of convolution to represent steady
state using available impulse responses and to show the relation of ionospheric potential impulse response
on ionospheric potential during thunderstorm charging phase. We note that in the present model case,
both currents are turned on at t=0 and stay constant. The presented formulation allows straightforward
generalization for currents with arbitrary time variation.

In Figure 7a charge density spatial distribution around the source current dipole is illustrated during steady
state of thunderstorm charging phase. Steady state is obtained from time-dependent model at sufficiently
long time t=104 s. The distribution is composed mostly of bottom negative charge and top positive charge
self-consistently produced at positions of negative and positive current sources, respectively. This distribu-
tion is consistent with previously reported results for single thunderstorm [e.g., Hays and Roble, 1979] and
agrees well with profiles of charge density presented by Rycroft and Odzimek [2010, Figure 13b]. Negative
charge density is observed under and above, while positive charge density is observed in between current
sources. It is important to note that in steady state the total charge around the current source dipole is neg-
ative due to dominance of bottom negative charge (see additional discussion on dependence of charge
density on ambient conductivity in Holzer and Saxon [1952, equation (8)] or Riousset et al. [2010]).

In Figure 7b, charge density spatial distribution over full Earth is illustrated during steady state of thunder-
storm charging phase. It is observed that most of the charge in fair weather region is positive and resides
close to the Earth surface as observed in, e.g., Rycroft and Odzimek [2010]. In Figure 8 the surface charge
density on Earth surface corresponding to the steady state is shown. The charge on Earth surface just under
the dipole at 𝜃=0◦ (latitude 90◦) is high and positive. The charge on the rest of the Earth is smaller, almost
constant and negative. In total the surface charge on Earth QEarth is equal to zero. This can be understood by
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Figure 9. Two-dimensional view of current density at steady state of thunderstorm charging phase. (a) Zoom in view
of volume around the source current dipole. (b) View of full Earth. The black (Figure 9a) and yellow (Figure 9b) arrows
schematically represent the important directions of current flow. The radial coordinates of full view are transformed as
r∗ = r − REarth + 100 km.

considering the steady state current balance on Earth surface (S, Earth) (using Gauss‘s Law and assumption
of constant conductivity):

0 = ∮S,Earth
J⃗ ⋅ dS⃗ = 𝜎 ∮S,Earth

E⃗ ⋅ dS⃗ = 𝜎
QEarth

𝜀0
. (17)

It is an interesting consequence that if the total charge on Earth surface is zero and the total charge in the
whole domain is zero (source current dipole creates zero charge in total), then the total charge in the atmo-
sphere/ionosphere is zero. It means that the total (negative) atmospheric charge around the current source
is equal with opposite sign to the total (positive) atmospheric charge residing in fair weather region. It is
important to note that this result is coming from our symmetric model with no effects coming from the
region outside the top ionospheric boundary. For example, the spatial variation of conductivity on the Earth
surface will lead to nonzero total charge on the Earth surface. For additional analysis of electric charge on
Earth and above Earth we refer the reader to Dolezalek [1988].

In Figure 9a the magnitude of current density spatial distribution around the source current dipole is illus-
trated during steady state of thunderstorm charging phase. The maximum current density is located around
the source current dipole. The direction of current is verified to be in excellent agreement with previ-
ous results reported in the referred literature [e.g., Tzur and Roble, 1985]. The direction of upward current
above the current dipole is schematically shown by black arrows in Figure 9a. The upward current verti-
cally approaches the highly conducting top ionospheric boundary and is redirected horizontally along it
as is schematically shown by the yellow arrows on full Earth view in Figure 9b. This highly conducting layer
is responsible for equipotential top ionospheric boundary as discussed in section 2. The current circuit is
closed in fair weather region at lower altitudes of the atmosphere where the current direction is normal to
the Earth surface.

In Figure 10 the evolution of ionospheric potential due to the constant current dipole source is shown. The
ionospheric potential obtained from simulation starts at UIE = 0 V at t = 0 s as no charge is initially present.
Then the ionospheric potential increases in time and reaches the steady state with value 62.6 V in about
300 s. This time corresponds to more than 3 times the dielectric relaxation time at altitude of lower source
4.5 km and means that the steady state ionospheric potential is approached with better accuracy than 1%.
However, at this time, the charge density close to Earth surface is not yet in steady state regime (within
the same accuracy) as the dielectric relaxation time is about 2 times longer on Earth surface and, there-
fore, longer simulation times are necessary to obtain steady state spatial distributions of charge density,
seen in Figure 7.

JÁNSKÝ AND PASKO ©2014. American Geophysical Union. All Rights Reserved. 13



Journal of Geophysical Research: Space Physics 10.1002/2014JA020326

Figure 10. Ionospheric potential evolution due to constant current
dipole source. Positive current 1 A is placed at 9.5 km, and negative
current −1 A is placed at 4.5 km. Both currents are turned on at t=0.
The simulation results are compared with prediction calculated from
convolution of impulse responses. The relative error is less than 10−3.

The predicted ionospheric potential is
evaluated using equation (12) taking into
account two current dipole sources:

UIE(t) = Is ∗ UIR
IE(t, h1 = 9.5 km) − Is

∗ UIR
IE(t, h2 = 4.5 km) , (18)

and ionospheric potential impulse
responses at the altitudes of the source
currents. It is important to note that suffi-
cient time resolution of 10−3 s of impulse
responses is required to obtain very good
agreement between simulation and pre-
diction as seen in Figure 10. It is seen that
steady state could be evaluated and there-
fore also interpreted as a consequence of
continuous inputs of source charges and
their impulse responses.

If convolution is evaluated in integral form,
constant source current can be taken out
of integration. Then ionospheric potential
is as follows:

UIE(t) = Is

⎡⎢⎢⎣
t

∫
0

UIR
IE(𝜏, h1 = 9.5 km)d𝜏 −

t

∫
0

UIR
IE(𝜏, h2 = 4.5 km)d𝜏

⎤⎥⎥⎦ . (19)

The equation (19) for t→∞ gives the formula for the steady state ionospheric potential UIE. Having
introduced a new notation MIR

IE for time integral of impulse response, UIE can be written as follows:

UIE = Is

[
MIR

IE(h1 = 9.5 km) − MIR
IE(h2 = 4.5 km)

]
. (20)

In the steady state, the results for ionospheric potential can be connected to existing results of upward cur-
rents presented in the literature [Holzer and Saxon, 1952; Driscoll et al., 1992]. The ionospheric potential
divided by the global resistance of the atmosphere Ra gives fair weather current IFW. In steady state, the fair
weather current is equal to upward current above the sources Iupw. Holzer and Saxon [1952] presented an
analytical formula for upward current Iupw above the storm for a current monopole Is located at altitude h0:

Iupw = Is

(
1 − e−h0∕l

)
. (21)

In the present work we can evaluate the same upward current from fair weather current IFW, Ohm’s law for
fair weather region and using equation (20) for a monopole:

Iupw = IFW =
UIE

Ra
=

Is MIR
IE(h0)
Ra

. (22)

Using equation (16) and href = 0 we can rewrite equation (22) in the following form:

Iupw = Is e−h0∕l
MIR

IE(0)
Ra

. (23)

It is important to note that in the work of Holzer and Saxon [1952] the grounded Earth is assumed and there-
fore it contains automatically image charges. In our work the Earth behaves as equipotential surface, but its
potential is self-consistently calculated relative to zero potential at infinity. Therefore, to compare we have to
introduce currents of opposite sign inside the Earth in our model. As any charge inside the Earth contributes
to ionospheric potential difference as the charge on Earth surface, see equation (A3), we add source current
of opposite sign on the Earth surface. Upward current is then obtained from equation (20) for h1 =h0 and
h2 =0 using similar approach to that in equations (22) and (23):

Iupw = Is

(
e−h0∕l − 1

) MIR
IE(0)
Ra

. (24)
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Figure 11. Ionospheric potential evolution for −CG lightning which
transfers −1 C from 4.5 km to the Earth. Impulse responses for
−0.05 km and 4.5 km are shown. The predicted ionospheric potential
is the linear combination of impulse responses and agrees very well
with simulation results.

From equations (21) and (24) it is seen
that the time integral MIR

IE(0) of iono-
spheric potential impulse response to
instantaneous input of charge at altitude
0 km is equal to negative of the global
electric resistance of the atmosphere
Ra. This equality is verified numeri-
cally as the global resistance of the
atmosphere is Ra =234.9Ω and from
equation (16) we get MIR

IE(0)=−234.2Ω.
These values are also consistent with
those recently published [Baumgaertner
et al., 2013]. Therefore, both models give
consistent results.

Equation (24) for current dipole with pos-
itive current Is at altitude h+ and negative
current −Is at altitude h− gives an alter-
native form of equation for steady state
ionospheric potential:

UIE = Is Ra

(
e−h−∕l − e−h+∕l

)
. (25)

It is important to note that the comparison with analytical formula is done for exponential profile of conduc-
tivity with scale l defined from equation (4), as for nonexponential profiles the analytical solution and the
equation (25) are not generally applicable.

3.3. Negative Cloud-to-Ground Lightning
After the charging phase of thunderstorm as part of GEC, the electric field may increase over the break-
down limit in localized regions of space and lightning discharge may occur. In this section we discuss
representative model results for negative cloud-to-ground (−CG) lightning and their interpretation based
on impulse response of the ionospheric potential. In Figure 1c (left) −CG lightning transferring −1 C from
bottom negative charge to the Earth is schematically shown. Using principles of linearity mentioned in
section 2, the charge transfer of lightning can be separated from thunderstorm charging phase. Then the
results of lightning are independent of any results from thunderstorm charging phase. The model of light-
ning is described as follows. The lightning removes the negative charge from the position of the bottom
negative charge, which is equivalent to adding positive charge of the same magnitude to the same location.
The lightning adds negative charge to the Earth. As shown in Figure 1c (right) the lightning is then mod-
eled as instantaneous introduction of the charge dipole placed at 𝜃=0◦ with positive point charge Qs =1 C
at altitude h1 =4.5 km and negative point charge −Qs =−1 C on the Earth surface layer (Earth surface layer
is a row of model cells with height 0.1 km and therefore the surface charges are located in cell centers at
h2 =−0.05 km).

In Figure 11 the evolution of ionospheric potential due to −CG lightning calculated from simulation and
predicted from impulse responses is shown. Impulse responses for both altitudes are also plotted. The
prediction of ionospheric potential is again based on equation (12):

UIE(t) = Il(t, h1) ∗ UIR
IE(t, h1) + Il(t, h2) ∗ UIR

IE(t, h2) , (26)

where Il(t) is the lightning current. Rycroft et al. [2007] used a continuous current function for the description
of −CG lightning which lasted 20 ms. In the present work we use instantaneous transfer of charge using
Dirac delta function Il(t, h1) = −Il(t, h2) = 𝛿(t)Qs and we have verified by running simulations that the
two approaches produce same results on time scales longer than lightning duration (in this case 20 ms). The
equation (26) for ionospheric potential can be rewritten in the following form:

UIE(t) = Qs UIR
IE(t, h1) − Qs UIR

IE(t, h2) . (27)

It is seen in Figure 11 that the simulation result agrees very well with the prediction as the two curves
are indistinguishable and the relative difference is less than 0.1%. The ionospheric potential UIE of −CG
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lightning 1.01 V, calculated from both methods, does not change significantly on time scales shorter than
t=0.1 s. The 1.01 V corresponding to the transfer of −1 C from an altitude of 5 km to the Earth is equal
to the difference between the two ionospheric potential impulse responses at an altitude of 5 km and
0 km, at time t=0 s. As both impulse responses relax in the same way for time scales shorter than t=0.1 s,
the ionospheric potential is constant. Then the ionospheric potential starts to decrease with most of the
drop happening in the time range from 10 to 500 s. The characteristic time of ionospheric potential relax-
ation of −CG lightning is determined from impulse response corresponding to the charge at lower altitude
(see Figure 11), which is 0 km, and therefore corresponds to the dielectric relaxation time on Earth’s sur-
face ∼177 s. For t>103 s the ionospheric potential drops to zero. The corresponding charge distribution is
zero everywhere. As we have demonstrated that convergent state of impulse response to the source point
charge 1 C is the homogeneously distributed surface charge on the top ionospheric boundary, then if dipole
charge configuration is input in the system, the total charge on the top ionospheric boundary at the end
is zero.

Rycroft et al. [2007] and Rycroft and Odzimek [2010] presented results on the change of ionospheric potential
due to a −CG lightning discharge. They considered the typical return stroke of 30 kA with characteristic time
0.07 ms and the amplitude of the continuing current (of 20 ms duration) 0.2 kA. Total charge transferred
to the ground was −7 C. The ionospheric potential changed and reached the maximum of 3.8 kV in ∼20s.
Then the ionospheric potential change relaxed to zero. The ionospheric potential change was found to be
proportional to the charge moment change of lightning.

In our work the peak value of the ionospheric potential change is also found to be proportional to the
charge moment change of the modeled lightning, as is shown in Appendix A. The proportionality is not
exact, and a small correction in the denominator of equation (A5) is required to be analytically correct.
The coefficient of proportionality 0.22 V∕C∕km is about 2 times higher in our results than 0.12 V∕C∕km
in Rycroft and Odzimek [2010, Figure 7]. In the present work the peak value corresponds to the free space
solution at t=0 s, while in Rycroft et al. [2007] the peak value is reached in ∼20s. The relaxation after the
lightning discharge in the present work is mostly determined by the dielectric relaxation time on Earth’s
surface 177 s. In Rycroft et al. [2007], characteristic time of fair weather RC circuit 165 s is enforced by
adjusting atmospheric capacitance, but the time scale agrees well with results from the present more
general calculations.

For a representative model evaluation of global contribution of −CG lightning discharges to the GEC iono-
spheric potential we use data from Rycroft et al. [2007]: typical −CG lightning transfers Q−CG =−7 C from
altitude 5 km to the Earth with the rate of 𝜈−CG =10 s−1. The periodicity of lightning appearance is 10−1 s,
which is less than the typical time scales discussed above (∼10 s) of modification of ionospheric poten-
tial due to −CG lightning discharge. Then the ionospheric potential UIE stays almost constant, and we can
approximate the −CG lightning discharge current by a constant value with magnitude:

I−CG = |Q−CG 𝜈−CG| = 70 A . (28)

To calculate the ionospheric potential due to −CG lightning discharge, we start again from equation (12) and
adjust for two current sources at altitudes 5 km and 0 km above the Earth (with the current at h = 0 assumed
to be negative as discussed above). We look for steady state value at t→∞ and then the equation (12) takes
the following form:

UIE = I−CG

∞

∫
0

UIR
IE(t, h = 5 km)dt − I−CG

∞

∫
0

UIR
IE(t, h = 0 km)dt . (29)

The integrals are evaluated using equation (16) and a known value −234 V∕A corresponding to altitude
0 km:

UIE = 70 A
[

−234 V∕A
exp (5 km∕6 km)

− (−234 V∕A)
]
= 9.3 kV . (30)

This value agrees with the result 10 ± 2 kV presented by Rycroft et al. [2007] and is approximately 4% of the
Earth’s ionospheric potential 250 kV.
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4. Discussion

The results in this work are based on solving the system of equations (1) and (2) using new model formu-
lation of GEC as shown in Figure 1a. In this paper representative model conditions were chosen with the
intention to produce transparent and easily tractable results. Introduction of additional physical details to
the model will modify the results, and we will discuss their possible influence here.

The Poisson’s equation (2) is part of the model and assumes near-field approximation, which is equiva-
lent to the assumption that the time derivative of the magnetic vector potential is much less than the
gradient of the electric potential [Jackson, 1999, pp. 239–246] used for the derivation of equation (2).
Potential at the point of observation r⃗ due to charge density 𝜌 at position r⃗

′
is calculated in integral form

as follows:

𝜙( r⃗, t) = 1
4𝜋 𝜀0 ∫ ∫ ∫V′

𝜌( r⃗
′
, t − |r⃗ − r⃗

′|∕c)|r⃗ − r⃗
′| dV ′ , (31)

where c corresponds to the speed of light and dV ′ is the volume element, at the position r⃗
′
, of simulation

domain volume V ′. To satisfy near-field approximation the term |r⃗ − r⃗
′|∕c has to be small in comparison

with time t. For Earth dimensions, tens of thousand kilometers, the corresponding time scale is ∼10−1 s. That
means that the dynamics of impulse response to point charge which is happening on time scales less than
10−1 s is not accurate (this corresponds to the behavior for altitudes above 45 km where dielectric relaxation
time is tDRT,45 km = 10−1 s). For physical cases in sections 3.2 and 3.3 the time scales of interest are longer
than 10−1 s and therefore presented results are valid.

The exponential profile of conductivity is another assumption. The conductivity in clouds is reduced by
a factor of 10 and more [Rycroft et al., 2007]. Then the impulse response of point charge inside the cloud
would be modified as the charge relaxation inside the cloud is longer. The preliminary results show that the
integrals of ionospheric potential impulse response could be modified up to 50%. Conductivity was also
assumed to be constant in time, as conductivity dependent on charge or field will break the concept of lin-
earity, and the time-dependent conductivity will also break the concept of convolution. From the physical
point of view it is expected that the conductivity can be a function of charge in proximity of big thunder-
storm charges but is independent in the rest and majority of the GEC domain. The upper limit of this effect
can be considered analogically to the reduction of conductivity inside the cloud as mentioned above. An
example of time-dependent conductivity due to external effects is 𝛾 ray burst from magnetars [e.g., Price
and Mushtak, 2001], which ionizes a big part of the atmosphere/ionosphere and can last for several min-
utes. For such case the convolution is not applicable and full simulation with time-dependent input of
conductivity is necessary.

We would like to discuss the effect of spherical geometry compared to cylindrical geometry and also
the effect of considering Earth as a conductor with floating potential (possible only in spherical geome-
try), contrary to the common assumption of Earth set to zero potential. The difference of two geometries
was demonstrated in section 3.2 during comparison of upward currents. Results from this work agree
with error of less than 1% with results calculated in cylindrical coordinates [Holzer and Saxon, 1952]. This
small difference is justified in [Driscoll and Blakeslee, 1996]. The influence of spherical geometry is found
in the nonlinear form of equations (15) and (A2), but due to the small altitudes of sources and iono-
sphere compared to the radius of the Earth, the equations behave linearly with altitude as expected from
cylindrical geometry.

The difference of floating Earth method compared to the grounded Earth was demonstrated also in
section 3.2. In grounded Earth model, the potential of Earth equal to zero is forced. The charge configura-
tions for the equipotential Earth surface can be interpreted using the image charge theory. It is important to
note that this image charge in spherical geometry is not of the same magnitude as the original charge and
therefore total charge in the system including image charges is not exactly zero [Kasemir, 1994]; however,
the difference is small [Driscoll and Blakeslee, 1996]. Floating Earth model offers more degrees of freedom as
Earth potential is not fixed to zero and having a provision to add a quantity of charge to the Earth, based on
needs of model, allows to explicitly study its effect on GEC.
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5. Conclusions

The principal results of this paper are as follows:

1. The time-dependent spherical model of GEC composed of continuity equation coupled with Poisson’s
equation is developed. The model features Earth as a conductor with finite conductivity inside the compu-
tational domain and implicit time stepping to allow analysis of charge balance and ionospheric potential
on all scales.

2. The concept of impulse response of GEC is introduced that allows effective representation of complex
time dynamics of various physical quantities in the circuit using model results obtained for instantaneous
deposition of a point charge. The more complex problems are then reconstructed using convolution and
linearity principles.

3. For a point charge instantaneously deposited at typical thundercloud altitude, the impulse response of
the charge density shows induction of the same value and polarity charge at the ionospheric bound-
ary, while charge of the same value but opposite sign is moving down logarithmically with time and
neutralizes the source point charge on time scale corresponding to the dielectric relaxation time at alti-
tude of source point charge. The ionospheric potential is modified immediately with input of source
point charge based on free space solution of Poisson’s equation. Then the ionospheric potential relaxes.
The high surface charge on Earth is induced under the source after the input of the source charge while
weaker, and opposite sign surface charge is observed in the rest and most of the Earth. For latitude-
and longitude-independent conductivity model, the total charge on the Earth is exactly zero at all times
(unless the source charge is placed inside Earth).

4. For input of constant source current dipole to the model resembling the formation of two main charge
centers of a thunderstorm, the convolution of source current and ionospheric potential impulse response
gives evolution of ionospheric potential. The steady state ionospheric potential is then determined from
the difference of time integrals of the ionospheric potential impulse responses corresponding to the alti-
tudes of current dipole. The steady state ionospheric potential is compared using Ohm’s law with steady
state upward current results from existing literature and very good agreement is obtained.

5. The negative cloud-to-ground (−CG) lightning influence on ionospheric potential is studied. The −CG
lightning ionospheric potential change has a peak value proportional to charge moment change of the
lightning. Ionospheric potential for −CG lightning originating at altitude 5 km does not change signifi-
cantly on time scales shorter than t=0.1 s. Then the ionospheric potential starts to decrease with most
of the drop happening in the time range from 10 to 500 s. For t>103 s the ionospheric potential drops to
zero. The results in this work confirm that global contribution of −CG lightning to the GEC ionospheric
potential is about 4%, which agrees very well with results reported in [Rycroft et al., 2007].

Appendix A: Ionospheric Potential Calculation

In this section the analytical calculation of ionospheric potential from a point charge Qc =1 C is presented.
It describes free space solution in multisphere system as shown in Figure 1a (without any effects of conduc-
tivity). Ionospheric potential UIE is defined as a difference between average potential on top ionospheric
boundary and average potential on Earth, see equation (3). It is important to note that in spherical coor-
dinates the ionospheric potential is only a function of altitude of point charge. The move in coordinates 𝜃
and 𝜑 of point charge moves correspondingly the distribution of potential, but the average value remains
same. Then we can spread the point charge at Rc =REarth + hc on a spherical surface of radius Rc =REarth + hc

without any change in the average ionospheric potential. Homogeneously distributed charge on the sphere
produces spherically symmetric solution of potential:

U(r) = 1
4𝜋 𝜀0

Qc

Rc
, for r ≤ Rc ,

U(r) = 1
4𝜋 𝜀0

Qc

r
, for r > Rc . (A1)

Then the potential difference in between top ionospheric boundary at altitude hiono and Earth due to charge
Qc at altitude hc > 0 is evaluated:

UIE(Qc, hc) =
1

4𝜋 𝜀0

(
Qc

REarth + hiono
−

Qc

REarth + hc

)
≃ 1

4𝜋 𝜀0

Qc(hc − hiono)
R2

Earth

, (A2)
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which for hiono, hc ≪REarth is a linear function of hc. This also can be seen in the modified equation (15) with
neglected h and hiono in the denominator. It is interesting to note that charge on the top ionospheric bound-
ary hc =hiono creates zero ionospheric potential UIE. For charge located under Earth surface at altitude hc ≤ 0,
the ionospheric potential does not depend on hc:

UIE(Qc, hc) =
1

4𝜋 𝜀0

(
Qc

REarth + hiono
−

Qc

REarth

)
. (A3)

In reality the charge is created in couples of opposite signs and total zero charge in simulation domain is
conserved. Then it is interesting to evaluate the function of ionospheric potential created by dipole with
positive charge Qc at altitude h+ and negative charge −Qc at altitude h−:

UIE = 1
4𝜋 𝜀0

(
Qc

REarth + h−
−

Qc

REarth + h+

)
= 1

4𝜋 𝜀0

Qc(h+ − h−)
(REarth + h−)(REarth + h+)

, (A4)

which for h±≪REarth is a function proportional to the dipole moment p=Qc(h+−h−). It is interesting to
note that equation (A4) also represents the potential of spherical capacitor with radii REarth + h− and
REarth + h+ charged with Qc. In the special case of positive charge Qc =1 C at altitude h and negative charge
−Qc =−1 C on Earth surface at h−=0 km, which is used for −CG lightning modeling, the ionospheric
potential is equal to the following form:

UIE = 1
4𝜋 𝜀0

Qc h

R2
Earth + REarth h

≈
Qc h

4𝜋 𝜀0 R2
Earth

, (A5)

which for h ≪ REarth is a function proportional to the dipole moment p = Qc h. It is important to note that in
lightning terminology, the dipole moment p is usually referred to as a charge moment change of lightning.

The derivations of ionospheric potential are analytically precise, but for practical purposes, the linear
approximation of the ionospheric potential due to dipole of charges could be used:

UIE =
p

4.516 × 103 F m
. (A6)
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