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Recent advances in development of photoionization models in air based on radiative transfer and
Helmholtz equations open new perspectives for efficient solution of nonthermal gas discharge
problems involving complex geometries. Many practical applications require accurate modeling of
streamer discharges developing in weak electric fields, in which the photoionization process
significantly contributes to discharge dynamics. This paper �1� reports original studies, which
demonstrate the validity and accuracy of the recently proposed photoionization models for studies
of streamers in weak electric fields, and �2� introduces efficient boundary conditions for the
photoinization models based on radiative transfer theory. © 2007 American Institute of Physics.
�DOI: 10.1063/1.2816906�

In a recent paper by Bourdon et al.1 several models are
discussed and developed for evaluation of photoionization
produced by nonthermal gas discharges in air. In particular,
the integral equation approach based on the model developed
by Zheleznyak et al.2 and two differential equation
approaches based on the radiative transfer and Helmholtz
equations, respectively, are investigated. For the Zheleznyak
model, the photoionization rate at each observation point is
calculated by conducting a three-dimensional �3D�
integration over the region containing emission sources.2,3

The Helmholtz model effectively replaces the calculation of
the Zheleznyak integral with a solution of a set of Helmholtz
differential equations.4 A three-exponential Helmholtz model
was developed in Ref. 1 for the purpose of streamer
modeling. According to Ref. 5, the photoionization rate can
be determined using the isotropic part of the photon
distribution function. In Ref. 1, a three-group SP3 model,
based on the third order Eddington approximation of the
radiative transfer equation, was found to be well suited for
streamer simulations.

The work by Bourdon et al.1 focused on the problem of
streamer development in strong external electric fields ��Ek,
the conventional breakdown threshold field defined by the
equality of the electron impact ionization and electron disso-
ciative attachment coefficients in air6�. In the present paper,

we introduce efficient boundary conditions for photoioniza-
tion calculations based on radiative transfer theory and apply
the three-exponential Helmholtz and three-group SP3 models
to the simulations of streamers propagating in weak external
electric fields ��Ek�, which is a regime of great interest for
many practical applications of streamers. We validate the two
models by comparing the corresponding results with those
obtained with the Zheleznyak model. This work demon-
strates the validity and accuracy of the three-exponential
Helmholtz and three-group SP3 models for studies of
streamer discharges in air for a wide range of applied electric
fields.
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FIG. 1. �Color online� A cross-sectional view of distributions of �a� electron
density, �b� electric field, and �c� photoionization production rate at t
=17.5 ns calculated using the three-exponential Helmholtz model.
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The streamer model equations adopted in the present
study consist of drift-diffusion equations for electrons and
ions and Poisson’s equation. We employ two sets of numeri-
cal techniques for solution of the streamer model equations:
flux-corrected transport �FCT� method and a modified
Scharfetter-Gummel �SG� algorithm. The boundary condi-
tions for Poisson’s equation are provided by the direct inte-
gral solution.7 The boundary conditions for the Helmholtz
model are provided by the Zheleznyak integral solution. Ex-
cept where noted, the boundary conditions given by Eqs. �1�
and �2� below are used for the SP3 model. When using the
Zheleznyak model, to optimize the computation of the 3D
integral, an inhomogeneous grid with fine resolution around
the streamer head and coarse resolution in the region away
from the head is employed, and the emission source is as-
sumed to be confined in the streamer head region. Details
about the model equations, numerical algorithms, and com-
putation acceleration techniques employed in our study can
be found in Ref. 1.

We introduce efficient boundary conditions for the three-
group SP3 model. The third order Eddington approximation
results in elliptic equations for functions �1,j

* �r� and �2,j
* �r�,

and a linear combination of �1,j
* �r� and �2,j

* �r� gives the
isotropic part of the photon distribution function.1,5 As de-
rived in the work by Larsen et al.8 for a boundary surface
with no reflection and emission, the boundary conditions for
�1,j

* and �2,j
* are given as

��1,j
* �r� · ns = − � jpO2

�1�1,j
* �r� − � jpO2

�2�2,j
* �r� , �1�

��2,j
* �r� · ns = − � jpO2

�2�2,j
* �r� − � jpO2

�1�1,j
* �r� , �2�

where ns is the outward unit vector normal to the boundary
surface, �1,2= �5 /96��34±11�6 /5�, and �1,2= �5 /96�
��2��6 /5�, where the upper and lower signs correspond to

subscripts 1 and 2, respectively. The product � jpO2
is the

absorption coefficient, where pO2
is the partial pressure of

molecular oxygen and the values of � j are given in Ref. 1. As
for the coefficients �1,2	�1,2, the coupling between both
equations is weak. Following Ref. 8, the two equations are
first solved independently and iterations are carried out after-
ward with the � coefficients. The convergence is very rapid
and obtained in only a few iterations.

The geometry of the simulation domain is identical to
the one employed by Liu and Pasko,7 in which a small con-
ducting sphere is placed in a weak uniform electric field E0.
The air pressure is fixed at a value of 760 Torr. The external
homogeneous field E0 is 106 V /m. The radius b and the po-
tential applied to the conducting sphere 
0 are 0.1 cm and
6500 V, respectively. To initiate the development of a
streamer, as a common practice, we place a cloud of plasma
with spherically symmetric Gaussian spatial distribution on
the axis of symmetry in the vicinity of the sphere, i.e.,
ne=np=n0 exp�−�r /�r�2− ��z−z0� /�z�2�, where ne and np

are densities of electrons and positive ions, respectively,
n0=1018 m−3, �r=�z=0.01 cm, and z0=0.02 cm. The size of
the computational domain is 1.0�0.125 cm. The computa-
tional grid is uniform in both radial and axial directions. The
numbers of grid points in axial and radial directions are 1601
and 201, respectively.

Figure 1 shows a cross-sectional view of the distribu-
tions of the electron density, electric field, and photoioniza-
tion production rate at t=17.5 ns obtained using the three-
exponential Helmholtz model. This cross-sectional view
represents an example of two-dimensional views of simula-
tion results obtained by using different photoionization mod-
els. The streamer expands as it propagates �Fig. 1�a��. The
photoionization production rate is maximized in the head
region, and there is no significant contribution in the body of

FIG. 2. Profiles of streamer character-
istics along the symmetry axis of the
computational domain at various mo-
ments of time calculated using differ-
ent photoionization models. The re-
sults are obtained by the FCT based
numerical technique �Ref. 1�. �a� Elec-
tron density. �b� Electric field. Dashed
line: three-group SP3 with boundary
conditions defined by Eqs. �1� and �2�;
Solid line: three-exponential Helm-
holtz model. Results are shown for the
moments of time from t=0 to t
=17.5 ns with a timestep of 2.5 ns.

FIG. 3. Same caption as Fig. 2 except
that the results are obtained by the
Scharfetter-Gummel �SG� based nu-
merical technique �Ref. 1�. Dotted
line: three-group SP3 with boundary
conditions provided by Zheleznyak in-
tegral solution. Dashed line:
Zheleznyak model. Solid line: three-
exponential Helmholtz model.
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the streamer �Fig. 1�c��. These results are notably different
from those obtained for a streamer in strong electric field
�Fig. 11�c� of Ref. 1�, for which significant photoionization is
present in the streamer body.

Figure 2 compares the profiles of electron density and
the magnitude of the electric field on the symmetry axis of
the computational domain calculated using the three-group
SP3 and three-exponential Helmholtz models. The results are
shown for the moments of time from t=0 to t=17.5 ns, with
a timestep of 2.5 ns. The results obtained with these two
models agree very well in terms of the shape of the profiles,
and the magnitudes of the channel density and the peak elec-
tric field. For the electron density, only small differences
exist in the region well ahead of the streamer head. For the
electric field, the difference is almost impossible to notice
before 15.0 ns, and relatively small deviations are present at
15.0 and 17.5 ns.

Figure 3 compares the profiles of electron density and
the magnitude of the electric field on the symmetry axis of
the computational domain calculated using the three-group
SP3 �boundary conditions provided by Zheleznyak integral
solution�, the three-exponential Helmholtz, and the reference
Zheleznyak integral models. An excellent agreement be-
tween the results obtained with these three models is ob-
served. Results presented in Figs. 2 and 3 demonstrate that
for practical accuracy calculations all three photoionization
models �i.e., Zheleznyak, three-group SP3, and three-
exponential Helmholtz� provide adequate and consistent so-
lutions to the streamer problem. Careful inspection of results
presented in Figs. 2 and 3 indicates that the modeling results
obtained using the SP3 model are closer to the reference
Zheleznyak model results than those obtained with the three-
exponential Helmholtz model. The observed better perfor-
mance of the SP3 model in comparison with the three-
exponential Helmholtz model is consistent with the analysis
reported in the appendix of Ref. 1. Furthermore, the possi-
bility of formulating a consistent set of equations and bound-
ary conditions �e.g., Eqs. �1� and �2�� based on radiative
transfer physics is a significant advantage of the SP3 model
in comparison with the Helmholtz model.

Figure 4�a� shows the Sph term and the relative distribu-
tions of the three components of the three-exponential Helm-
holtz model on the symmetry axis of the simulation domain
at t=15 ns. The regions dominated by each component can
clearly be identified in the figure. The Sph

1 term, associated
with the longest photoionization range,1 dominates in the re-
gion ahead of the streamer head. The Sph

3 term, associated
with the shortest photoionization range,1 is clearly confined

to and dominates inside of the streamer head. The Sph
2 term

dominates in the intermediate region.
Figure 4�b� compares the photoionization production

rate calculated by the three-exponential Helmholtz model
and the optimized integral Zheleznyak model, the electron
impact ionization rate, and the three-body electron attach-
ment rate. For the photoionization production rate, results
from both models are in a very good agreement in the region
of, and ahead of the streamer head. A significant difference is
observed in the region near the spherical electrode. As dis-
cussed in Ref. 1, the optimized integral solution does not
include contributions from the emission sources outside of
the region around the streamer head, but the Helmholtz so-
lution does. A relatively strong photoionization appears in
the region near the spherical electrode implying strong pho-
ton emission source in this region. The Helmholtz model
automatically accounts for this source when solving the
Helmholtz differential equation. The agreement of the mod-
eling results obtained using the two photoionization models
shown by Fig. 3 suggests that the different photoionization
rates in the region near spherical electrode do not affect the
dynamics of the streamer, which is mostly controlled by pho-
tons emitted by the streamer head.

Figure 4�b� further indicates that in contrast to the high
applied field case, for which electron impact ionization was a
dominant process controlling production and loss of elec-
trons in the entire simulation domain �including streamer
head and streamer channel regions�,1 the low field case is
characterized by the dominance of three-body attachment in
the body of the streamer, the dominance of the electron im-
pact ionization in the streamer head, and the dominance of
photoionization in the region ahead of the streamer head.
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FIG. 4. Photoionization production
rate Sph at t=15 ns along the symme-
try axis of the computational domain.
�a� Sph and the three components Sph

1 ,
Sph

2 , and Sph
3 of the three-exponential

Helmholtz model. �b� Sph calculated
using the three-exponential Helmholtz
and Zheleznyak models, electron im-
pact ionization production rate Si, and
three-body electron attachment rate
S3b.
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