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We consider an energy harvesting transmitter sending messages to two users over parallel and fading
Gaussian broadcast channels. Energy required for communication arrives (is harvested) at the transmitter
and a finite-capacity battery stores it before being consumed for transmission. Under off-line knowledge
of energy arrival and channel fading variations, we obtain the trade-off between the performances of the
users by characterizing the maximum departure region in a given interval. We first analyze the transmis-
sion with an energy harvesting transmitter over parallel broadcast channels. We show that the optimal
total transmit power policy that achieves the boundary of the maximum departure region is the same as
the optimal policy for the non-fading broadcast channel, which does not depend on the priorities of the
users, and therefore is the same as the optimal policy for the non-fading scalar single-user channel. The
optimal total transmit power can be found by a directional water-filling algorithm. The optimal splitting
of the power among the parallel channels is performed in each epoch separately. Next, we consider fading
broadcast channels and obtain the transmission policies that achieve the boundary of the maximum
departure region. The optimal total transmit power allocation policy is found using a specific directional
water-filling algorithm for fading broadcast channels. The optimal power allocation depends on the pri-
orities of the users unlike in the case of parallel broadcast channels. Finally, we provide numerical illus-
trations of the optimal policies and maximum departure regions for both parallel and fading broadcast
channels.
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1. Introduction channels as in Figs. 1 and 2. Data for the two receivers are back-

logged at the transmitter buffers while arriving energy is stored

A distinct characteristic of energy harvesting communication
systems is that the energy required for communication arrives dur-
ing the session in which communication takes place. The transmit-
ter is able to harvest energy from nature in order to recharge its
battery. The energy is modeled to arrive (be harvested) at arbitrary
instants and in arbitrary amounts. Therefore, transmission
schemes must adapt to the incoming energy. In this paper, we con-
sider communication with an energy harvesting transmitter over
parallel and fading AWGN broadcast channels.

In particular, we consider an energy harvesting transmitter that
sends data to two receivers over parallel and fading broadcast
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in a finite-capacity battery. Service is provided to the data buffers
with the cost of energy depletion from the energy buffer, i.e., the
battery. Energy arrivals and channel variations are known by the
transmitter a priori. Data to be sent to the receivers are assumed
to be available at the data buffers before the transmission starts.
Although power allocation problem in traditional systems with
non-rechargeable batteries subject to average power constraints
in parallel and fading broadcast channels are solved using identical
techniques, off-line scheduling with rechargeable batteries in these
two channel models are considerably different. We first address
parallel broadcast channels. The time sequence of the power allo-
cation and the splitting to two users are simultaneously deter-
mined for each parallel channel. Next, we consider fading
broadcast channels. As the fading levels and strength order of the
users vary throughout the communication, the power allocation
is determined according to the joint fading variations of the users.
In both scenarios, the transmitter has to adapt its transmission
power with respect to the available energy and also avoid possible
energy overflows due to the finite-capacity battery.
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Fig. 1. The two-user parallel broadcast channel with an energy harvesting
transmitter.

There has been recent research effort on understanding data
transmission with an energy harvesting transmitter that has a
rechargeable battery [1-7]. In [1], data transmission with energy
harvesting sensors is considered, and optimal on-line policy for
controlling admissions into the data buffer is derived using a dy-
namic programming framework. In [2], energy management poli-
cies which stabilize the data queue are proposed for single-user
communication and some delay optimality properties are derived
under a linearity assumption for the power-rate relation. In [3],
throughput optimal energy allocation is studied for energy har-
vesting systems in a time constrained slotted setting. In [4,5], min-
imization of the transmission completion time is considered in an
energy harvesting single-user system and the optimal solution is
obtained analytically and using a geometric algorithm. In [6], en-
ergy harvesting transmitters with batteries of finite energy storage
capacity are considered and the problem of throughput maximiza-
tion by a deadline is solved in a static channel. In [7], optimal off-
line and on-line transmission policies are given for a single-user
energy harvesting transmitter operating in a fading channel. In
[8,9], optimal off-line policies are developed for the static AWGN
broadcast channel with an infinite capacity battery, concurrently
and independently. References [10,11] extend the broadcasting
framework to the case of a finite-capacity battery energy harvest-
ing transmitter.

In a previous related line of research, transmission scheduling
for maximum rate or minimum energy under delay constraints
has been considered in [12-17]. In [12], optimal off-line packet
scheduling for energy minimization is solved in a delay con-
strained single-user data link and in [13], the framework is ex-
tended for multiple access, broadcast and fading data links. In
[14], the energy minimal transmission for a single-user data link
is solved using a calculus approach that incorporates various qual-
ity of service constraints. In [15], optimal energy allocation to a
fixed number of time slots is derived under time-varying channel
gains and with off-line and on-line knowledge of the channel state
at the transmitter. In [16], delay constrained capacity of fading
channels is found under causal feedback using dynamic program-
ming. In [17], capacity of a two-user fading broadcast channel is
determined under stringent delay constraints.

In this paper, we extend the line of research in the off-line opti-
mal scheduling in energy harvesting communication systems for
the parallel and fading broadcast channels. As the users utilize
the common resources, which are the harvested energy and the
wireless communication medium, there is a trade-off between
the performances of the users. We characterize this trade-off by
obtaining the maximum departure region [8,11] by a deadline T
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Fig. 2. The two-user fading broadcast channel with an energy harvesting
transmitter.

and determine the optimal off-line policies that achieve the bound-
ary of the maximum departure region. We first investigate recently
developed results for the non-fading broadcast channel in [10,11].
Next, we consider off-line scheduling for energy harvesting trans-
mitters over parallel broadcast channels. We show that the optimal
total transmit power policy that achieves the boundary of the max-
imum departure region is the same as the optimal policy for the
non-fading scalar broadcast channel, which does not depend on
the priorities of the users, and therefore is the same as the optimal
policy for the non-fading scalar single-user channel. The optimal
policy is found by a directional water-filling algorithm which is
based on transferring energies from past to the future. The amount
of energy transfer is limited by the finite battery capacity con-
straint. The power is split to each parallel channel separately in
each epoch. We then consider off-line scheduling for energy har-
vesting transmitters over fading broadcast channels. We show that
in the optimal policy that achieves the boundary of the maximum
departure region, energy allocation in each epoch is determined by
a directional water-filling algorithm [7] that is specific to the fad-
ing broadcast channel. In particular, water level in between two
energy arrivals is calculated by using the water-filling scheme de-
scribed in [18] or the greedy power allocation in [19]. If the water
level is higher on the right, no energy is transferred; otherwise
some energy is transferred to the future. Unlike the case of parallel
broadcast channels, in the case of fading broadcast channels, the
total transmit power policies achieving different points on the
boundary of the maximum departure region depend on the prior-
ities of the users. Finally, we numerically examine the resulting
maximum departure regions for parallel and fading broadcast
channels in a deterministic setting.

2. The channel and energy models

In this paper, we consider two different channel models, namely
parallel broadcast channels and fading broadcast channels.
Although the treatment of these two channel models in traditional
systems with non-rechargeable batteries subject to average power
constraints are equivalent [18,19], the extra dimension created due
to the battery energy variations at the transmitter leads to signifi-
cant differences between these two channel models in the context
of off-line broadcast scheduling. In the following, we provide the
details of these two channel models as well as the energy model.

2.1. The parallel broadcast channel model

In a two-user parallel broadcast channel, one transmitter sends
data to two receivers over independent parallel channels. The
model is depicted in Fig. 1. We consider the case where there are
two parallel channels only. The generalization to more than two
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parallel channels is straightforward, and left out for brevity and
clarity of presentation in this paper.
The received signals at the two receivers are

Yi=Xi+Zy, i=12 (1)
Yoi=Xi+2Zy, i=1,2 (2)

where X; is the signal transmitted in the ith parallel channel, and Z;;
and Z,; are Gaussian noises with variances ¢2; and 3, respectively.
If 02, < 03, for all i, or 02, < o2 for all i, then the overall channel is
degraded in favor of user 1 or user 2, respectively, and hence the
problem reduces to the scheduling problem over a scalar non-
fading broadcast channel as in [8-11]. Therefore, we consider the
case 02, < d3, and a2, > g3, where the overall broadcast channel
is not degraded.

Assuming that the transmitter transmits with power P, the
achievable rate region for this two-user parallel broadcast channel
is [19,20]

01 ﬁP

1 1 o2(1 - p)P
Ri < §1°g2<1 o, ) 38 <1 TU—w)I-pP+ 6%z> °

1 (I-m)(T-pP\ 1 (1 —o4)pP
R, < jlog2 (1 +a—§2> +§10g2 (l +oc1/)’P—+o§1> (4)

where P is the power allocated to the first parallel channel, and
(1 — )P is the power allocated to the second parallel channel, o4
and o are the fractions of powers spent for the message transmit-
ted to user 1 in each parallel channel. Note that even though the
overall channel is not degraded, there is no constraint on the sum
rate in the expressions that define the capacity region in (3) and
(4) since individual channels are degraded. By varying
o1 € [0,1], oz € [0,1] and g € [0, 1], we obtain a family of achievable
regions and their union is the capacity region. Any operating point
on the boundary of the capacity region is fully characterized by
solving for the power allocation policy that maximizes
URy + 1,R, for some (uy, W,). For any u,, u,, there exist P*, o}, o3
and p* that achieve the corresponding point on the boundary of
the capacity region [18,19].

2.2. The fading broadcast channel model

The fading broadcast channel model is depicted in Fig. 2. The re-
ceived signals at the two receivers are

Yi = VX +2Z, ()
Y, = VX + 2 (6)

where X is the transmit signal, Z;,Z, are Gaussian noises with zero-
mean and variances ¢7 and o3, respectively, and hy,h, are the
(squared) fading coefficients' for receivers 1 and 2, respectively.
As in [18], we combine the effects of fading and noise power, and ob-

2 2
tain an equivalent broadcast channel by letting n; = ’;—: and n, = Z—; If
the channel fade levels are constant at h;, h,, and the transmitter

transmits with power P, the resulting broadcast channel capacity re-

gion is [20]:
oP
(1—-0)P1(ny > ny) + n1> (7)

R, < %log2 (1 +

1 (1-a)P
R, <=1 14—

) 0g2< +ocP1(n2 > 1) +n2> 8)
where o is the fraction of the power spent for the message transmit-
ted to user 1, and 1(x > y) is the indicator function for the event

! We note that the model can be generalized to a broadcast channel with
conventional complex baseband fading coefficients after proper scalings that are
inconsequential for our analysis.

x > y. We call the receiver which observes smaller combined noise
power the stronger receiver and the other one the weaker receiver.
That is, receiver 1 is the stronger user if n; < n, and receiver 2 is the
stronger user if n, < ny. Note that changes in the fading levels of the
channels during the communication session causes time variation
in the strength order of the receivers.

2.3. Energy and power-rate models

In two-user energy harvesting parallel and fading broadcast
channels, the transmitter has three queues as in Figs. 1 and 2:
two data queues where data packets for the two receivers are
stored, and an energy queue where the arriving (harvested) energy
is stored. The energy queue, i.e., the battery, can store at most E;;4,
units of energy, which is used for transmission only, i.e., energy re-
quired for processing is not considered.

We consider an off-line setting where the changes that occur in
the energy levels throughout the communication session are
known by the transmitter a priori. In the fading broadcast channel,
the changes in the fade levels are also known by the transmitter a
priori. Performance of any transmission policy with a priori knowl-
edge provides an upper bound for that of a real time system. In the
fading broadcast channel, the fading and energy levels change at
discrete time instants tﬁ,tﬁ,...,t{l,... and t§,t5,...,t,..., respec-
tively, as shown in Fig. 3. Note that a change in the fading level
means any change in the joint fading state (hi, h,). We define an
epoch as a time interval in which no energy arrival or channel fade
level change occurs as shown in Fig. 3. An epoch in the parallel
broadcast channels scenario is the time interval between two en-
ergy harvests as the channel gains do not vary. In the fading broad-
cast channel, we extend the definition of energy arrival sequence
for the time instants at which a fading change occurs. In particular,
the input energy for epoch i is denoted as E;_; and it is equal to the
amount of incoming energy if the epoch starts with an energy ar-
rival; if epoch i starts with a variation in the fading level without an
energy arrival, E; ; = 0. Finally, we let ¢; denote the length of the
ith epoch.

Whenever an input signal x is transmitted with power p in an
epoch of duration ¢ in which the channel fades are constant at the
levels h; and h,,R,¢ and R,/ bits of data are served out from the
backlogs of receivers 1 and 2 at the transmitter, with the cost of p¢
units of energy depletion from the energy queue. Here, (R,R;) is
the rate allocation for this epoch. (R, R;) must reside in the corre-
sponding capacity region. In particular, for the parallel channels sce-
nario, (Ry,R,) must satisfy (3) and (4), and in the fading broadcast
channel scenario, (R;,R;) must reside in the capacity region of the
two-user AWGN broadcast channel C,, 5, (P), indexed by the noise
variances n; and n,, which vary during the communication session.
Extending this for continuous time, if at time ¢t the transmit power is
P(t) and the noise variances are ni(t) = 03/hi(t) and ny(t) =
03 /h,(t), the instantaneous rate pairs (R; (t), Rx(t)) reside in the cor-
responding capacity region, i.e., (R (t),Rx(t)) € Cn,t)ny(0)(P(£)).

The transmission policy in the parallel broadcast channel is
comprised of P(t), the total power, B(t) € [0,1], the power share
of the 1st parallel channel, and «;(t) € [0,1] and «,(t) € [0, 1], the
power shares of user 1 in the 1st and 2nd parallel channels, respec-
tively. In fading broadcast channels, transmission policy is com-
prised of the total power P(t) and the portion of the total
transmit power o(t) € [0, 1] that is allocated for user 1. Therefore,
in parallel and fading broadcast channels, the total energy con-
sumed by the transmitter up to time t can be expressed as
fé P(t)dt. Due to the finiteness of the battery capacity, at any time
t, if the unconsumed energy is greater than Ep, only E;q can be
stored in the battery and the rest of the energy is wasted due to en-
ergy overflow. This may happen only at the instants of energy
arrivals. Therefore, the total removed energy from the battery at
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Fig. 3. The energy arrivals, channel variations and epochs.

Sk, Er(Sk), including the consumed part and the wasted part, can be
expressed recursively as

E.(s) — max {E,(s,:l) + / " Py, <zk:Ej - Emax> }
Sk-1 j=0

k=1,2,... (9)
where (x)* = max{0,x}, and s; should be interpreted as sy + € for
arbitrarily small € > 0. In addition, E.(sp) = 0. We can extend the
definition of E, for the times t # s; as:

Er(t) = Er(sg. (t)) + t P(T)dT

Sdy (1)

(10)

where d, (t) = max{i: s; < t}. As the transmitter cannot utilize the
energy that has not arrived yet, the transmission policy is subject
to an energy causality constraint. The removed energy E,(t) cannot
exceed the total energy arrival during the communication. This con-
straint is mathematically stated as follows:

d_(t
E(t) <) E, Vte[0,T]

i=0

(11)

where d_(t) = max{i:s; < t}. As the energies arrive at discrete
times, the causality constraint reduces to inequalities that have to
be satisfied at the times of energy arrivals:

Sk k-1
Ei(s_) + / P(r)dt <> E;, Vk
Sk-1

i=

(12)

An illustration of the energy removal curve E,(t) and the causality
constraint is shown in Fig. 4. The upper curve in Fig. 4 is the total
energy arrival curve and the lower curve is obtained by subtracting
Eqx from the upper curve. The causality constraint imposes E,(t) to
remain below the upper curve. Moreover, E.(t) always remains
above the lower curve due to (9) and (10). In Fig. 4, the energy in
the battery exceeds E,q at the time of the third energy arrival
and consequently, some energy is removed from the battery with-
out being utilized for data transmission. Energy removal from the
battery continues due to only the data transmission in (ss,S4) inter-
val and hence the energy removal curve approaches the total energy
arrival curve indicating that the battery energy is decreasing. In
general, battery energy is non-increasing in (s;_1,s;) interval for all i.

As observed in Fig. 4, energy is wasted due to energy overflow if
E.(t) intersects the lower curve at the vertically rising parts at the

energy arrival instants. Therefore, a transmission policy guarantees
no-energy-overflow if the following constraint is satisfied:

¢ () +
Pr)dT > > E —Epa | . Vt€[0,T
/0() (Z; ) 0,1]

The constraint in (13) imposes that at least Zf-‘:OE,- — Eax amount of
energy has been consumed (including both the data transmission
and the energy overflow) by the time the kth energy arrives so that
the battery can accommodate E, at time s;. If a policy satisfies (13),
the max in (9) always yields the first term in it. Therefore, the cau-
sality constraint in (12) reduces to the following:

(13)

d_(1)

ZE,—, vk

i=0

/tP(r)dr < (14)
0

This is shown in Fig. 5 in which the total energy curve of the policy
does not intersect the lower curve at the vertically rising parts (at
the energy arrival instants) so that no energy is wasted due to en-
ergy overflows. Hence, the causality constraint simplifies to the
condition that the total energy curve must lie below the upper
curve in Fig. 5.

3. The maximum departure region

In both parallel and fading broadcast channels, the perfor-
mances of user 1 and user 2 are strongly coupled as they are
yielded by the utilization of the common resources, which are
the harvested energy and the shared wireless communication
channel. In this section, we characterize the trade-off between
the performances of user 1 and user 2 by finding the region of bits
sent for receivers 1 and 2 in the interval [0, T] with off-line knowl-
edge of energy and fading variations. The number of bits sent for
users 1 and 2 are:

T
B, :/0 Ri(t)dt (15)

T
B, = / Ry(7)dt (16)
Jo
The instantaneous rates R; (t) and R,(t) are determined as a function
of the instantaneous power policy P(t) as described in power-rate
model in Section 2.3. Next, we define the maximum departure re-
gion characterizing the bits sent for the users.
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Fig. 5. Energy causality constraint and no-energy-overflow constraint are depicted as cumulative energy curves and the power consumption curve of a transmission policy
that simultaneously satisfies these two constraints by lying in between these two curves.

Definition 1. For any fixed transmission duration T, the maximum
departure region, denoted as D(T), is the union of R(By,B,)
= {(bhbz) :0< b] < B], 0< bz < Bz} where (Bl,Bz) is the total
number of bits sent by some power allocation policy that satisfies

energy causality and no-energy-overflow conditions over the duration
[0,T).

We have the following lemma, the proof of which can be carried
out following the proofs of Lemma 2 in [8] and Lemma 1 in [11]
and hence is skipped here for brevity.

Lemma 1. For both parallel and fading broadcast channels, D(T) is a
convex region.

We note that a transmission policy that violates the no-energy-
overflow condition is always strictly inside D(T); therefore, with-
out losing optimality we restrict the feasible set to the policies that
allow no energy overflows. In the following analysis, we call any

policy that satisfies energy causality and no-energy-overflow con-
ditions feasible. We call a feasible policy optimal if it achieves the
boundary of D(T).

3.1. D(T) for parallel broadcast channels

In parallel broadcast channels, the instantaneous rates r; (t) and
r,(t) allocated for users 1 and 2 are determined as a function of the
instantaneous power, P(t), power share of the 1st channel, 5(t), and
the power shares of user 1 in the ith channel, «;(t), i = 1,2, via (3)
and (4). The instantaneous power, P(t), is subject to the energy
causality and no-energy-overflow conditions as in (14) and (13),
respectively. We let N denote the number of energy arrivals in
the [0, T] interval.

Due to the convexity of D(T) in Lemma 1 and the convex power-
rate relation, an optimal policy should remain constant in any
epoch (c.f. Lemma 1 in [8] and Lemma 2 in [4,5]). Therefore, we
consider a power policy as a sequence of powers allocated for each
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N+1 N+1

epoch {p;},_; with the 1st channel’s share {B;}i_; , the power share
of user 1 in each channel {(a, oc,z) ! Then, the energy causality
and no-energy-overflow conditions 1n (14) and (13) reduce to the
following constraints, respectively, which are described by a finite
sequence of powers:

k -
Spti<> E, k=1, N+1 (17)
i=1 i=0

k k +

Zpifi2 ZEi_Emax> s k:l,...,N (]8)
i=1 i=0

Here (17) is due to the energy causality constraint in (14) and (18) is
due to the no-energy-overflow condition in (13). We define the fol-
lowing functions:

O‘lﬁp o%(1-)p
o, >+ l°g2< T m)( ﬁ)ﬁ+0%z> (19)
+(1_a])€p>+§log2(l+( )

(1-Bp
o1 p + 0%, 0% ) @0)

which are the rates achieved by users 1 and 2, respectively, if p is
allocated to the channels with the first parallel channel’s share fp,
and user 1's power share (04,05) in each channel. By Lemma 1,
any point on the boundary of the maximum departure region
D(T) can be characterized by solving the following optimization
problem:

N+1 N+1

max H]Zrl(fxlhazhﬂhpiwiJF/"Lzer(“liaO‘Zi-,ﬂhpi)zi
i i=1

%1,00,8.p

s.t. Zp(, E,, vk

i=1,2, Vk (21)

In (21), a1, a2, B, p collectively denote the vector of total powers and
power shares for the parallel channels and users. The optimization
problem (21) is not a convex problem as the variables p;, ;, o; and
olp; appear in product forms in the expression of r;(oq, %2, 8, p), caus-
ing it to be non-concave in «;, p and g jointly. However, for any gi-
ven 04,0, we note that p,r(on,0z,p,p)+ Uyr2(04, 0, 8,p) is
concave with respect to p. Using this property, we solve (21) in
two steps. We optimize over ay;, o, f; first and then over the total
power p;. The details of the optimal policy are presented in Section
5.

3.2. D(T) for fading broadcast channels

In fading broadcast channels, the instantaneous rates r;(t) and
r,(t) allocated for users 1 and 2 are determined as a function of
the instantaneous power, P(t) and the power share of user 1,
a(t), via (7) and (8). The instantaneous power, P(t), is subject to
the energy causality and no-energy-overflow conditions as in
(14) and (13), respectively. We let N denote the number of energy
arrivals and K denote the number of changes in the joint fading le-
vel in the [0, T] interval. We assume that fading variations and en-
ergy arrivals occur at distinct time instants so that the number of
epochs in [0, T] interval is N + K + 1. If an energy arrival and a fad-
ing variation occur at the same instant, the number of epochs is
less than N+ K + 1.

Due to the convexity of D(T) in Lemma 1 and the convex power-
rate relation, an optimal policy should remain constant in any
epoch (c.f. Lemma 1 in [8] and Lemma 2 in [4,5]). Therefore, the
policy is a sequence of powers {p; }N“(” and user 1's power share
{o;}N¥*1 The sequence of noise variances of the equivalent broad-

cast channels is {(ny;, ny) }1*". Then, the causality and no-energy-

overflow conditions in (14) and (13) reduce to the following con-
straints, respectively, which are described by a finite sequence of
powers:

k k-1
Zpifl ZEI
i=1 i=0

k k +

> piti > (ZE,-—EW> . k=1,....N+K (23)
i=1 i=0

Here (22) is due to the energy causality constraint in (14) and (23) is
due to the no-energy-overflow condition in (13). We define the fol-
lowing functions:

GN4K 41 (22)

1 op

rl(nhnZaavp) - ilogZ (1 + (1 — OC)p](n] > le) +n1) (24)
N (1-op

ra(ny,np,0,p) = ilng <1 +m> (25)

which are the rates achieved by users 1 and 2, respectively, in the
fading broadcast channel when power is p and power share of user
1 is o. By Lemma 1, any point on the boundary of D(T) can be char-
acterized by solving the following optimization problem for some

#17:“2 = 0

N-+K+1 N+K+1

Max gy (M, Mo, 06, Pyl + fly Y (i, Mo, 04, )

i=1 i=1

k-1
s.t. ZP[I\ZE“ vk

i=0

k k +
Zpizi = <ZE1 - Emax) ’ vk
i=1

i=0

0<o <1, p, =0, Vk (26)
where p, a denote the vector of total powers and the power shares
of user 1, respectively. The optimization problem in (26) is not a
convex problem as the variables p;, o; appear in a product form in
the expression of r;(ny,ny, o, p), causing it to be non-concave in «;
and p; jointly. However, p,ry(ny,n2,a,p) + Uyr2(ny, Ny, o, p) is con-
cave with respect to p for any given «. We will solve (26) using this
property. The details of the optimal policy for the fading broadcast
channel is presented in Section 6.

For ease of exposition, we first consider the optimal policy in
the non-fading broadcast channel in the next section.

4. Optimal policy for non-fading broadcast channel

In this section, we review the results presented in [10] for the
non-fading broadcast channel. The results were presented from a
rate perspective in [10]. Here, we present them alternatively from
a power perspective. We set the fading coefficients as h; = 1 and
h, =1 and in addition, we assume without loss of generality that
0% =1 and g3 = 62 > 1 so that user 1 is the stronger user and user
2 is the weaker user. The main step is to view the maximization
problem in (21) and (26) for the scalar non-fading broadcast chan-
nel as a sequence of single-variable maximization problems over
the variable o; given p; as follows:
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Wy ) (1 —oi)p;
max  log, (1 +oup;) +7 logz<1 T p k02

st. 0<o <1 (27)

For any given p;, this optimization problem has a unique solution for
;. Let us define a function o*(p) : R* — [0, 1] which denotes the
solution of the problem in (27) for p; = p. We obtain o*(p) as fol-
lows: let us further denote y = ﬁ—; If £ <1 then o*(p) =1 for all p.

If u > a2, then o*(p) = 0 for all p. For 1 < i < 62, we have

1, 0<p<oHt
@ (p) = { e (28)
paie D=
Let us define the following function:
a My .“2 (1—o*(p))p
p) = G tog 1+ 2 o)p) + 210y (14 S8 PUR) - (a9)

Lemma 2. ([11])f(p) is monotone increasing and strictly concave
function of p.

Then, the optimization problem in (21) for the scalar non-fading
case can be rewritten as an optimization problem only in terms of
p; as follows:

N+1

max > _f(p;)ti

k k +
Zpigi = ZEi - Emax) ; vk
i=1 i=0
P >0, Vk (30)

The optimization problem in (30) is a convex optimization problem.
The objective function is strictly concave by Lemma 2 and the fea-
sible set is a convex set. We write the Lagrangian function as:

N+1 N+1

k-1
L= Zf(pi) Zﬂk <ZP; ZEi)
i=1 i=0
N k
- an < <ZE1 - Emax) - ZP#&) (31)
k=1 i=0 i=1

Using the KKT optimality and complementary slackness conditions
on £, it can be shown [11] that the unique optimal total transmit
power allocation is the same for all (i, u,). This unique optimal to-
tal transmit power allocation can be found by the directional water-
filling algorithm introduced in [7]. Alternatively, this unique opti-
mal total power allocation can be found by using the feasible energy
tunnel approach proposed in [6]. Note that the structures of the two
alternative algorithms in [6,7], as well as the ones in [4,5] for the
unconstrained battery case, are determined by the strict concavity
of the rate-power relation. We obtained the same structure in the
broadcast channel because of the strict concavity of f(p) due to
Lemma 2.
After finding the optimal total power allocation p;,i=1,
.,N+1, we can find the solution of the original problem in
(26) by finding the optimal o, i=1,...,N+1, via of = o*(p;)
using (28). We first note that due to the degradedness of the sec-
ond user, when Z—f < 1, the total power p; is allocated to the first
user only and no bits are transmitted for the second user. When
1< ﬁ—j we define the cut-off power level as

=)

where p = ZZ A point on the boundary of D(T), which is equally rep-
resented by y, is achieved by the following policy: for 1 < g, ifin an
epoch the total transmit power level is below P, in (32), then, only
the stronger user’s data is transmitted; otherwise, both users’ data
are transmitted and the stronger user’s power share is P.. For p < 1
only the stronger user’s data is transmitted. Therefore, the optimal
policies that achieve the boundary of D(T) have a common total
power sequence and its splitting between the two users depends
on p,, 4, through u = Z—f For different values of y, the optimal pol-
icy achieves different boundary points on the maximum departure
region. Varying the value of u traces the boundary of D(T).

5. Optimal policy for parallel broadcast channels

The optimization problem in (21) can be cast as a sequence of
optimization problems of the following form given the power p:

max U T1(0, 02, B, D) + MyT2(0, 02, B, D)
oq,00.8 (33)
s.t. 0<o,0m, <1

Note that given g and p, optimal «; and &, can be separately calcu-
lated In particular, (33) is solved at o = 03 (B, p) and o, = o3 (8, p). If

<1, o5(p,p) = 1 while if "2 > a%‘, :(B,p) = 0 for all g. On the
olther hand, if 1 < "2 < 51, we 'have"

1 ,Bp HzU“ Ml%l
* ’ )
o (B p) = 2 o2 (34)
TR
Similarly, 1f”1 1, o5(8,p) = 0 while ifﬁ% > % then o3 (8,p) = 1 for

all . If 1 < “<02,

2 2
0, 0<(1-pp<iietete
a; (ﬁp) - { 1 1 03, -0l 1 > “1‘752’#:‘27%2#1
T eem o (1-AP =T
(35)
Hence, (33) is equivalent to the following given p:
max (4, 17(8,p) + Up3 (B, ) (36)

0<p<l

where 1}(8,p) = r1(o;(8,p), % (p,p), ,p) and r;3(f,p) = r2((B,p),
o5 (B, p), B, p)- Note that in view of Lemma 2, the objective function
in (36) is strictly concave with respect to the two power levels
p; = Bp and p, = (1 — B)p allocated to the two parallel channels.
This, in turn, implies that the objective function in (36) is strictly
concave with respect to . The solution of (36) has a water-filling
interpretation. Working on the optimal o and o, in (34) and (35),
one can show that

Fp = max (us—op) (37)
(1= F9p = max (2~ 01a) (38)

where / is the water level and p* is the optimizer of (36). The water
level . is found by a greedy power allocation algorithm [18,19].
Power is incrementally allocated to the parallel channel that yields
the maximum increase in the objective function in (36): for small
power values, only a single parallel channel is allocated power. As
the power is further increased, both parallel channels are allocated
power. In the extreme cases, only single users are allocated power
and the power is split over the parallel channels by single-user

water-filling: If ﬁ—f < then all the power is allocated to user 1;

0-21
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2
ifﬁ—f > % then all the power is allocated for user 2. The outcome of
11

the optimization problem depends on the power p. Let us define
gp) = g‘gﬂa)g Wi (B,p) + 15 (B,p) (39)

We have the following lemma whose proof is provided in Appendix
A:

Lemma 3. g(p) is monotone increasing, strictly concave function of p.

Then, the optimization problem in (21) is equivalently stated as
an optimization problem only in terms of p; as follows:

N+1

max > gt
P

P =0, Vk (40)

The optimization problem in (40) is a convex optimization problem.
The objective function is strictly concave by Lemma 3 and the fea-
sible set is a convex set.

Following the steps for finding the optimal policy in non-fading
scalar broadcast channels, and as the objective function in (40) is
concave, we obtain an important characteristic of optimal policies
that achieve the boundary of D(T) of parallel broadcast channels.

Lemma 4. For any point on the boundary of D(T) of parallel
broadcast channels, the optimal total transmit power allocation
sequence is the same as the optimal single-user power allocation
policy in the scalar case.

With Lemma 4 and the preceding findings, we obtain the full
structure of a point on the boundary of the maximum departure re-
gion D(T). We first calculate the total power allocated for each re-
ceiver using the tightest curve approach in [4,5] if Epg = oo, Or the
feasible tunnel approach in [6] or the directional water-filling algo-
rithm in [7] if E,q is finite. As a result, we get the sequence of total
powers allocated at each time epoch, {p;}';'. Then, we divide each
p; as p;; = Bip and p;, = (1 — B;)p allocated to the two parallel
broadcast channels by means of the water-filling solution de-
scribed in (37) and (38). With this, we get the power shares for
each parallel channel p;; and p;, as well as the corresponding
power shares of user 1 in each parallel channel «j(p;;) and
o (p;)- Then, (Bj, B;) point that corresponds to the priority coeffi-
cients p, and , is

N+1
B; = Z log (1 + (p”)p”>€i
2 o1
5(PR)P;
+710g<1+ %3P )Pi 4 41
2 (1—o5(pp))pp +02,) @0

B, — %210g<1+(1 a(plz))pQ)éi

22

(1—-of (Pj))Pﬁ)
+710g<1+% 4 42
2 % (p; )Py +03,) 42)

6. The optimal policy for fading broadcast channels

We now consider the fading broadcast channel. In order to solve
(26), we first optimize the cost function in the ith epoch over o; for

a given total transmit power p;. Consider the single-variable opti-
mization problem in « for a given p:

max fri(m, Mo, 04, p) + HyT2 (M1, M2, . p) (43)

The optimal solution of (43) is denoted by o = o*(n1,n2, p). Assume
m<nzandlet u=p,/p. f1 <u< ”—%rx*(n],nz,p) is expressed as:

‘l7 O<p<#"1 :2
D) =y (44)
p1n o P2

In the extreme cases, a*(nq,n,,p) = 1if u < 1 and o*(ny, ny,p) =0 if
n= 22 If the order of noises is the other way, i.e., if n, < ny, by
changmg the definition of y as u = “‘

07 0 < p "2 “1
o' (ny,np,p) = 1y 1 - (45)
{1111“11112’ pZ",#
We define
h(nlanz'/p) £ J2oRA (n1,n2,oc*,p) + ﬂer(”hnZava)

We have the following due to Lemma 2.

Lemma 5. h(ny,n,,p) is monotone increasing, strictly concave
function of p given ny and nj.

In particular, h(nq, ny, p) has a continuous monotone decreasing
first derivative: for n; < n,, whenever «*(n;,n,,p) = 1, the deriva-
tive is ;f1- and otherwise, it is ;f2-. Similarly, if n, < n;, whenever
o (nq,ny,p) = 0, the derlvatlve 1s pﬁ—zz and otherwise, it is pﬁ;‘l

Hence, by first optimizing over «; in (26), we obtain the following
convex optimization problem over the total power sequence {p;}:

N+K+1

mlgx Z h(mi, nai, i)t
i1

k k-1
S.t.zpiéi < ZE,‘, vk
i=1 i=0
k

k +
> piti > ZEi—Emax>7 vk
i=0

i=1

pe =0, Vk (46)

The optimization problem in (46), and hence the one in (26), has a
unique optimal solution.
We define the Lagrangian for the problem in (46) as

N+K+1 N+K+1

L= h(nmup)i— > 4 <ZM - ZE>

i-1 j=1

N+K+1 N+K+1

i J
- Z Kj ((ZEi - Emax) - Zpigi) + Z Ups (47)
j=1 i=0 i=1 i=1

The first order condition on the Lagrangian is

N+K+1 N+K+1

D= Y K- (48)
j=i j=i

The complimentary slackness conditions are:
J i1 )
D piti =Y Ei | =0, V] (49)
i=1 i=0
j A .
Ki| (D Ei—Emac | —> piti] =0, Vj (50)
i=0 i=1

np;=0, Vj (51)

d
dT)ih(nmnznpi) =
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It follows that the optimal total power in epoch i is given by

n

P =t {vf - Mlh] (52)

where the water level in epoch i, v;, is

Vi = SRR ! N-+K+1 (53)
Y AT 2imi K

The index u; is uniquely determined by the given pu,, u,,ny,n, and
E;. In particular, u; is 1 if the derivative of h(n, n,, p) at the allocated
power p; in (52) is ;- and it is 2 otherwise. For 72 <

min; {2 2y, = 1 for all i and all the power is allocated to the first

user gﬁl;.“lf ,’j—f > maxi{Z—;,z—f:L u; = 2 for all i and all the power is
allocated to the second user. For the remaining values of L‘—f both
users may be allocated power in some epoch.

Note that the slackness variables /; and k; are zero in between
two energy harvesting instants as the energy causality and no-en-
ergy-overflow constraints are never violated except possibly at the
energy arriving instants. Therefore, the water level v; is the same
for all epochs in between two energy harvesting instants. When
Emax = oo, for any epoch i, the optimum water level v; is monoton-
ically increasing, i.e., vi;1 = v; as k; = 0 in this case. If some energy
is transferred from epoch i to i + 1, then v; = v;,;.

For finite E,q. case, the solution is found by a directional
water-filling algorithm [7], which we describe next. The direc-
tional water-filling algorithm requires walls at the points of en-
ergy arrival, with right permeable water taps in each wall

0. Ozel et al. / Computer Communications 36 (2013) 1360-1372

which allows at most E,. amount of water to flow, as shown
in Fig. 6. First, the taps are kept off and transfer from one epoch
to the other is not allowed. Each incoming energy E; is spread in
the time interval till the next energy arrival time and the water
level is calculated. The main difficulty arises due to the fact that
the index u; is not known a priori. If a sequence of u; is assumed,
the resulting water levels and power allocation should be com-
patible with (45) and there exists a unique u; sequence that is
compatible with (45). The resulting water levels v; can be found
by the water-filling algorithm in [18] or the greedy water-filling
algorithm in [19]. The water levels when each right permeable
tap is turned on will be found allowing at most E;;.x — E; amount
of energy transfer from the past epochs to the epochs which start
with arrival of E; provided that the initial water level in epoch
i—1 is higher than that in epoch i. This is due to the fact that
the slackness variable x; is not active if energy transfer from past
to the future is less than E..x — E;. If k; is not active, water level v;
in the past should be less than or equal to the water level v; in
the future. As 7; = 0 if an energy arrival does not occur at epoch
i, we conclude that the incoming energy should be spread till the
time next energy arrives. Optimal power allocation pj is then cal-
culated by plugging the resulting water levels into (52). We note
that the water level is scaled by different priority coefficients p,,
to yield the energy consumed at each epoch. Individual power
shares are then found via (45). The optimal solution is unique un-
less ny; = ny; for some epoch i. If ny; = ny; for some epoch i, the
optimal policy when p; = , is any policy formed by time-shar-
ing between giving strict priority to one of the users at that

Bottom Level ﬁ ————— Water Level

Ey Ey Ey E;3 E, E;

LD S S L
0 T

EEma.T EEma.T EEma'f, EEmrw E Emrw E” nax

I _____
o
Ema;zt Ema:zt Emu;z' Em,(u' Em,(u' Em’“

&

&

Fig. 6. Directional water-filling algorithm.
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Fig. 7. Energy arrivals occur at [2,5,8,9,12] s with amounts [3,6,9,8,9] m] and the initial energy in the battery at time zero E, = 8 mJ. The optimal total power sequence for

T=10s,T=12s,T=14sand T=16s.

epoch. In this case, the sum throughput optimal points of D(T)
form a line.

An example run of the algorithm is shown in Fig. 6, for a case of
12 epochs. Five energy arrivals occur during the communication
session, in addition to the energy available at time t = 0. We ob-
serve that the water level equalizes in epochs 1, 2, 3, 4, 5. No power
is transmitted in epoch 7, since ﬁ is too high. The energy arriving
at the beginning of epoch 6 cannot flow left due to energy causality
constraints, which are ensured by right permeable taps. We ob-
serve that the excess energy in epochs 6, 7 and 8 cannot flow right,
due to the E;q constraint at the beginning of epoch 9.

We remark here that the optimal policy strongly depends on the
priority coefficients p,, i, of the users in contrast to the non-fading
and parallel broadcast channels in which the optimal total power
sequence is independent of y, and u,. In particular, the bottom le-
vel of the directional water-filling is determined by the particular
values of u, and p,. If the user priorities are identical, i.e.,
4 = U,, then the optimal policy is equal to the single-user trans-
mission policy for the user with the best channel at each epoch.

The power allocation is found by applying the directional water-

filling algorithm in [7] by selecting the bottom level in Fig. 6 as

1
max{hy;,hp;}*

We finally remark that our analysis can be extended for the case
in which the transmitter sends messages over parallel broadcast
channels with time-varying channel gains. For given channel gains,
the share variables o, o, and p are defined as in (19) and (20) and
after optimizing the weighted sum of rates over the share variables
as in (43) we obtain a strictly concave function of power due to
Lemma 5. Using similar convex optimization tools, we conclude
that the solution is unique and it is found by a generalized direc-
tional water-filling algorithm.

7. Numerical illustrations

In this section, we provide numerical illustrations for the max-
imum departure region over parallel and fading broadcast chan-
nels. We start with parallel channels and then consider fading
broadcast channels.
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Fig. 8. The maximum departure region for the parallel broadcast channel under the
given energy arrivals for various T.

7.1. Parallel broadcast channels

We consider a band-limited two-user AWGN broadcast channel
with two parallel channels operating with a bandwidth of W = 1 MHz
and under noise power spectral density No = 10" W/Hz. In the
first channel, the path loss between the transmitter and receiver
1 is ¢;; = 100 dB and between the transmitter and receiver 2 is
c21 = 105 dB. We have

041 C]]ﬂplo3>

r11 = Wlog, (1 + NoW

OC1ﬂP
Ny

= log, (1 + ) Mbps (54)

and

-3
= Wlog, (1 L (1= m)cxn P10 )

01¢21 fP1073 + NoW

w> Mbps (55)

=1 1
ng( + o1 P + 1y

where ny; = 1 and ny; = 10°°. The second parallel channel has path
loss coefficients ¢y, = 107 dB and c; = 103 dB and the resulting
rate expressions are

_ 02(1 = p)P
r12 = log, (1 + o)1= ﬂ)P+n]2> Mbps (56)
ry = log, (1 0= “Zrzz(zl - mP) Mbps (57)

where Ny = ]00'7 and Ny = ]00'3.

We assume that the battery capacity is E;,.x = 10 mJ and the en-
ergy arrivals occur at time instants t§ =2s, t5=5s, t§=8s,
t; =9s, t =12s with amounts E; =3 m]J, E; =6 mJ, E3 =9m],
E,=8mJ, Es =9 m]. The battery energy at time t=0 s is
Ey = 8 mJ. We show the optimal total transmit power sequences
for T=10s,T=12s,T=14sand T = 16 s in Fig. 7. Initial energy
in the battery and the first two energy arrivals are spread till
t = 8 s. However, at most 2 m] energy can flow from the time inter-
val [8,9] s to the future as the finite battery constrains the energy
flow. For example, for T = 10 s, only 0.5 m] energy is transferred
from [8,9] s interval while for T =12 s, 2 mJ limit is hit and the
power in [8,9] s is kept at 7 m] (which leads to 7 mW power in that
interval). Similarly, at most 1 mJ energy can flow from [9,12] s
interval to the future. This leads to a non-monotonic total transmit
power sequence as opposed to the E,., = oo case. We plot the
resulting maximum departure regions in Fig. 8. Note that the max-
imum departure regions are strictly convex for all T and monotone
in T. We observe that the gap between the regions for different T

35 ! ! ; ! ; ! ;

0 i i i i i i i
0 5 10 15 20 25 30 35 40
B, (Mbits)

Fig. 10. The maximum departure region for the fading broadcast channel under the
given energy arrival and fading profiles at T = 14 .
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Fig. 9. The energy and fading profiles for the fading broadcast channel.



0. Ozel et al. / Computer Communications 36 (2013) 1360-1372 1371

water level

1
max{cihiy;,cohgi }

Ey=8 [ = Ey=6 E;=9E,=8 F;=9

i
0 5 8 2 714 te
0 2 3 4 5 7 8 9 1213 T =14 ts)

Fig. 11. The sum throughput optimal policy obtained by directional water-filling.

increases in the passage from T = 12 s to T = 14 s since an energy
arrival occurs at t = 12 s. This is reminiscent of the fact that in a
single-user energy harvesting system, the rate of increase of the
maximum departure curve is infinite at energy harvesting instants
as observed in [7].

7.2. Fading broadcast channels

We consider a band-limited AWGN broadcast channel with
bandwidth W =1MHz and noise power spectral density
No = 107'° W/Hz. The path loss between the transmitter and recei-
ver 1 is c¢; = 100 dB and between the transmitter and receiver 2, is
¢, = 105 dB. In addition, the channel fading coefficients h; and h,
vary during the transmission. We have

ocihy P1073 (58)
(1 — o)c1h1P10731(c1hy < cahy) + NoW

oP
= log, (1 AP < cohy) + n1> Mbps (9)

r = Wlog, <1 +

and similarly

. (1-o)P
r2 = 10g (1 TaP1(cihy > chy) + 1 Mbps (60)

where n; = ﬁ and n, = % The fading profile, h; = (hy;, hy;) where i
is the time index and both entries are in dB, is h; = (7,4), h, =
(7,2), h3 = (2,2), hy = (-1,3), hs = (-1,8), hg = (1,13), h; =
(1,8), hg = (3,8) and hy = (5,7) at time instants | = 0s,f =15,
th=3s,t,=4s,ti=7st,=8s,t, =105, tf = 11s. We show the
energy and fading profiles in Fig. 9. In particular, the fading profiles
in Fig. 9 are the inverted overall channel gains of the users, i.e., the
path loss times fading coefficients.

We plot the maximum departure region corresponding to the
given energy and channel profiles for T = 14 s in Fig. 10. There
are four critical points of the maximum departure region, A, B, C
and D, as indicated in Fig. 10. At point A, all the power is allocated
for the transmission of user 1 and no data is transmitted for user 2;
point D is vice versa. At points B and C, the priorities of the users
are equal, i.e, u :“—f = 1. For the points to the left of B, u > 1
and for the points to the right of C, u < 1. The total power alloca-
tion at points A and D are found by single-user directional water-
filling in [7] with the bottom level selected as %h], and 52}12i, respec-

tively. Moreover, the total power allocation at the sum throughput
optimal policies (points B and C) is found by single-user directional

water-filling with the bottom level selected as o ri—p.
Fig. 11, we show the total power allocation of the sum throughput
optimal policies corresponding to the time-sharing between points
B and C in Fig. 10. Note that the total power allocation is not af-
fected by the choice of the index u; at epochs i in which
c1hy; = c3hy;. As c1hy; = c3hy; holds for some i, time sharing between
these users in these epochs does not violate optimality for u = 1.
Therefore, the boundary of the maximum departure region in-
cludes a line segment with a slope of —45°. We remark that if
hq; # hy; for all i, the boundary of the maximum departure region
does not include a line segment, i.e., it is strictly convex. In an ergo-
dic setting with continuous fading distributions, under some mild
conditions, the probability that c;hy; = cyhy; for some i is zero and
therefore the ergodic capacity region is strictly convex [18].

8. Conclusions

In this paper, we considered communication over parallel and
fading broadcast channels with an energy harvesting rechargeable
transmitter that has a finite-capacity battery. We characterized the
region of bit departures by a deadline T in an off-line setting where
changes in the energy and fading levels are known a priori at the
transmitter. For parallel broadcast channels, we showed that the
optimal total power allocation sequence is the same as that for
the non-fading broadcast channel, which does not depend on the
priorities of the users and equals the single-user optimal power
allocation policy. The total power is split for the parallel channels
in each interval separately. For fading broadcast channels, in
contrast with non-fading broadcast channels, we showed that the
optimal power allocation policy strongly depends on the priorities
of the users and it is found by a specific directional water-
filling algorithm. Finally, we provided illustrations for the
maximum departure region for both parallel and fading broadcast
channels.

Appendix A. Proof of Lemma 3

Continuity of g(p) follows from the continuity of g; and g,. In
order to prove that g(p) is strictly concave, we need to show the
following

g(Upy + (1 = 2)py) > 28(p1) + (1 — 2)g(p2) (61)
forall0 <1< 1.
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We define the following functions for each parallel channel:

Hay (1 —> “21 (1 M) 62
£1(p) £ max Glog, ( 1+ )+ los 1+ (62)

m o
) pax H1og: (1 0o )

) (1-o)p
+5 log, (1 + 7, (63)

We first note that both g, (p) and g, (p) are continuous, strictly con-
cave functions of p due to Lemma 2 in [11].

g(p) in Lemma 3 can be expressed in terms of g, (p) and g,(p) as
follows:

8(p) = max g (fp) + &((1 - f)p) (64)

Therefore, for any 0 < 8 < 1, we have

&(p) = & (fp) +&2((1 - A)p) (65)

We now prove the strict concavity. Let p; and p, be given. Let ; be
the solution of (64) when p = p, and g, be the solution when p = p,.
Then,

&(p1) = &1(B1p1) +8&((1 = B1)p1) (66)
g(P2) = &1(BaP2) +&2((1 = B2)p,) (67)

For any 0 < 4 < 1, we have

g(p1+(1=7)p,)

> g1 (2p1p1 + (1 =) Bap2) + 8, (2(1 = B1)py + (1= 2)(1 = B2)P2) (68)
> 781 (B1P1) + (1= 2)81(B2b2) + 282 ((1 = B1)p1) + (1 = )82 (1= B2)p2) (69)
=78(P1)+(1-1)g(p,) (70

The inequality in (68) is by evaluating (65) for p = ip; + (1 — 2)p,
and f= % (69) is due to the concavity of g,(p) and
g,(p) and (70) is a rearrangement of (69). This proves the strict con-

cavity of g(p).
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