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Abstract—Level set estimation (LSE) is the process of clas-
sifying the region(s) that the values of an unknown function
exceed a certain threshold. It has a wide range of applications
such as spectrum sensing or environment monitoring. In this
paper, we study the the optimal LSE of a linear random field
that changes with respect to time. A linear sensor network
is used to take discrete samples of the spatially-temporally
correlated random field in both the space and time domain,
and the sensors operate under a total power constraint. The
samples are congregated at a fusion center (FC), which performs
LSE of the random field by using the noisy observation of the
samples. Under the Gaussian process (GP) framework, we first
develop an optimal LSE algorithm that can minimize the LSE
error probability. The results are then used to derive the exact
LSE error probability with the assistance of frequency domain
analysis. The analytical LSE error probability is expressed as
an explicit function of a number of system parameters, such as
the distance between two adjacent nodes, the sampling period in
the time domain, the signal-to-noise ratio (SNR), and the spatial-
temporal correlation of the random field. With the analytical
results, we can identify the optimum node distance and sampling
period that can minimize the LSE error probability.

I. INTRODUCTION

Wireless sensor networks (WSNs) have been widely used in
many scientific and engineering applications, including search
and rescue, disaster relief, spectrum sensing, and environment
monitoring, etc. Many WSNs are designed to monitor a
random event, which can be modeled as a random function in
the space and time domains. It is usually difficult and costly to
estimate the precise values of the random function. For many
applications, it is sufficient to find out the regions over which
the function values exceeds a certain threshold, and this is
denoted as level set estimation (LSE). The applications of LSE
include terra in mapping, spectrum sensing [1], and monitoring
the contours of sunlight, water pollution, and rainfall [2].

A large number of works are devoted to the development
of LSE algorithms [3]– [4]. In [5], the LSE is performed by
identifying the difference between two probability densities,
and the method is closely related to standard binary classifica-
tions. The binary classification based method do not consider
the difference between the threshold and the actual function
value, which contains salient information helpful to LSE. The
methods in [6]–[8] are developed by studying the statistical
properties of the random field. These methods do not involve
an intermediate reconstruction step and it is usually hard to
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obtain analytical conclusions on consistency and convergence.
A popular LSE method is to estimate the values of the
underlying function and then thresholding at the critical value
[3], [9], [10]. Such an approach is easy to implement and the
consistency and convergence of the algorithms can be analyzed
based on certain smooth prior assumptions. In [11]–[13], the
domains defining the function of interest are discretized into
a set of small regions to perform the LSE, and the price is the
larger estimation error introduced by the discretization. The
LSE of a single spatial point over infinite continuous time
domain are developed in [4]. However, it does not consider
the spatial variation of the random field.

In this paper, we study the LSE of a spatially-temporally
correlated random field with a linear WSN. The sensor nodes
are evenly distributed on a line in the spatial domain, and they
periodically sample a time-varying physical quantity, such as
temperature or pollution level, under a constraint on the total
power per unit area. The collected samples are transmitted
to a fusion center (FC), which performs the LSE by using
noisy observations of the samples. The performance of the
LSE depends critically on the number of sensors in a unit
area, i.e. sensor density, and the sampling rate. A higher
sensor density and/or sampling rate means denser sampling
of the random event, which benefit the LSE estimation. On
the other hand, under the constraint of a total power per unit
area, a higher sensor density and/or sampling rate means less
energy per sample or a lower signal-to-noise ratio (SNR),
which negatively affects the LSE performance. Therefore it is
important to identify the optimum sensor density in the space
domain and sampling rate in the time domain.

Under GP framework , we first propose an optimum LSE
algorithm that can minimize the LSE error probability. The
results are then used to derive an asymptotic LSE error
probability when the size of the field and the time go to
infinity. The analytical LSE error probability are explicitly
expressed as a function of various system parameters, such
as the node distance (inverse of node density), sampling
period, SNR, and spatial and temporal covariance kernels.
The asymptotically optimum node density and sampling rate
can then be obtained by minimizing the asymptotic LSE error
probability. Simulation results show that the asymptotic results
can accurately predict the performance of practical random
field of finite size and finite time duration.
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II. SYSTEM MODEL

Consider a linear sensor network with M sensor nodes
evenly distributed on a line. Denote the coordinate of the m-th
node as sm = ml, for m = 1, 2, . . . ,M , where l is the distance
between two adjacent sensors. Define the two-dimensional
space-time coordinate vector as c = [s, t]T ∈ X ×R+, where
s is the space coordinate, t is the time variable, X is the
linear field and R is the set of real numbers. Sensors are used
to measure a spatial-temporally dependent physical quantity,
x(c), such as air pressure, temperature, aggregated power level
of wireless signals, or density of toxic gases, etc.

It is assumed that the prior distribution of {x(c)} is a zero-
mean Gaussian process that is wide sense stationary (WSS) in
both space and time. The covariance function of {x(c)} is

k(c, c′) = E[x(c)x(c′)] = ks(|s− s′|) · kt(|t− t′|), (1)

where ks(·), kt(·) are the spatial and temporal covariance
functions, respectively, and both are absolutely integrable.

Due to energy limit, the sensors take discrete-time samples
of the random field. The collected discrete-time samples are
transmitted to a FC. Assume uniform sampling is used. Denote
the sampling instants as tn = nd, for n = 1, 2, · · · , where d is
the sampling period. It is assumed that an energy E0 = Ec+E
is allocated for each sample, where the constant Ec is due to
hardware power consumption of the sensing operation, and E
is the transmission energy of a sample. Denote cin := [si, tn]

T

as the space-time coordinate of the n-th sample from the i-th
sensor. The samples observed at the FC can be represented as

y(cin) =
√
Ex(cin) + ξ(cin) (2)

where ξ(cin) includes the effects of observation noise and
channel distortions. It is assumed that ξ(cin) is a white
Gaussian process with zero-mean and variance σ2. The sensor
nodes operate under the constraint of a fixed power P0 per
unit area. Given a sensing system with node density δ = 1

l ,
the energy allocated to one sample is thus E0 = P0d

δ = P0dl.
The FC uses the discrete-time samples to estimate the γ-

level set of {x(c)}, which is defined as

S(t) := {[s, t]T : s ∈ X , x(s, t) > γ}. (3)

Without loss of generality, we assume γ > 0.
Denote the estimated level set as Ŝ(t). Then the level set

estimation error up to time t is defined as

e(t) :=

∫ t

0

∫
X
I

{
[s, μ]T ∈ Δ(S(μ), Ŝ(μ))

}
ds dμ (4)

where Δ(S(t), Ŝ(t)) = (S(t) ∩ Ŝc(t)) ∪ (Sc(t) ∩ Ŝ(t))
denotes the symmetric difference between two sets, Sc is the
complement of S, and I{E} = 1 if the event E is true and 0
otherwise.

Then, the LSE problem can be formulated as

min . lim
t,M→∞

δ

Mt
E[e(t)]

s.t. E = P0d/δ − Ec ≥ 0 (5)

In the cost function, the LSE error is normalized by the time
duration t and the length of the area of interest V = M/δ. The
optimization is performed with respect to the node density δ
and the sampling rate r = 1/d.

III. OPTIMAL LEVEL SET ESTIMATION IN GP

We first study the optimal LSE for given δ and d and derive
the corresponding LSE error probability. The results will be
used to identify the solutions to (5) in the next section.

Denote xn and yn ∈ RM×1 be the vectors containing the
true and observed data samples that the FC collects from all M
sensors at time tn, respectively. Define x1:n := {xi}ni=1 and
y1:n := {yi}ni=1 be the sets of true and observed discrete-time
data from time t1 to tn, respectively.

Since {x(c)} is Gaussian process, given y1:n, the distribu-
tion of x(c) is still Gaussian, with conditional mean, m̂n(c),
and conditional variance, k̂n(c), given by

m̂n(c) = rxy1:n(c)R
−1
y1:ny1:n

y1:n, (6)

k̂n(c) = k(c, c)− rxy1:n(c)R
−1
y1:ny1:n

rxy1:n(c)
T , (7)

where rxy1:n(c) := E[x(c)yT
1:n] ∈ RnM×1 and R

y1:ny
T
1:n

:=

E[y1:ny
T
1:n] ∈ RnM×nM .

Based on (6), the GP regression based LSE algorithm is
given in Algorithm 1.

Algorithm 1 GP regression based level set estimation
1: Input: tn and y1:n

2: Run GP regression for ∀t ∈ [0, tn], s ∈ X to get m̂n(c)
with (6).

3: Threshold m̂n(c):

Ŝ(t) = {[s, t]T : s ∈ X , m̂n(c) > γ}, 0 ≤ t ≤ tn

4: Output Ŝ(t).

Theorem 1 Algorithm 1 is optimal with given y1:n, i.e., it
minimizes the conditional LSE error probability, E[e(tn)|y1:n].
The corresponding minimum LSE error probability is

E[e(tn)|y1:n] =

∫ tn

0

∫
X
Q

⎛
⎝ |γ − m̂n(c)|√

k̂n(c)

⎞
⎠ ds dt (8)

where Q(x) = 1√
2π

∫∞
x

e−u2/2du is the Gaussian-Q function.

Proof:
Given y1:n, the expected LSE error can be calculated as

E[e(tn)|y1:n]

=

∫ tn

0

∫
X
P

[
[s, t]T ∈ Δ(S(t), Ŝ(t))

∣∣∣y1:n

]
ds dt

=

∫ tn

0

∫
X

(
P [x(c) ≤ γ|y1:n] · I{[s, t]T ∈ Ŝ(t)}

+ P [x(c) > γ|y1:n] · I{[s, t]T ∈ Ŝc(t)}
)
ds dt (9)
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Therefore, the optimal estimator that minimizes (9) is to let

c ∈
{ Ŝ(t), if P [x(c) > γ|y1:n] > P [x(c) ≤ γ|y1:n]

Ŝc(t), if P [x(c) > γ|y1:n] ≤ P [x(c) ≤ γ|y1:n]
(10)

for every c = [s, t]T with t ∈ [0, tn] and s ∈ X .
Since x(c) given y1:n is still Gaussian distributed with mean

and variance given in (6) and (7), we have

P [x(c) > γ|y1:n] = Q

⎛
⎝γ − m̂n(c)√

k̂n(c)

⎞
⎠ (11)

The optimal estimator defined in (10) is then reduced to
compare m̂n(c) with γ. If m̂n(c) > γ, the probability in (11)
is greater than 1/2, thus, we should let c ∈ Ŝ(tn); otherwise,
we let c ∈ Ŝc(tn). A combination of (9) and (11) results in
(8). �

IV. OPTIMAL UNIFORM SAMPLING

In this section, we will first find the unconditional LSE error
probability using the results from Algorithm 1. The analytical
results will then be used to identify the optimum sampling
period and node density that can minimize the LSE error
probability.

The cost function in (5) is the time and space averaged
unconditional error probability. The unconditional LSE error
probability can be alternatively expressed as

E[e(tn)] = Ey1:n {E[e(tn)|y1:n]} (12)

From (8) and (12), the cost function depends on the poste-
rior mean m̂n(c) and variance k̂n(c). From (6) and (7), we
have

m̂n(c)=
√
Erxx1:n(c)

(
ERx1:nx1:n + σ2InM

)−1
y1:n (13)

k̂n(c)=k(c, c)−
E rxx1:n(c)

(
ERx1:nx1:n + σ2InM

)−1
rTxx1:n

(c). (14)

where rxx1:n(c) = E
[
x(c)xT

1:n

] ∈ R1×nM and Rx1:nx1:n =
E[x1:nx

T
1:n] ∈ RnM×nM .

The posterior mean is a function of y1:n, whereas the
posterior variance is a constant independent of y1:n. Since
y1:n is zero-mean Gaussian distributed, it can be easily shown
that m̂n(c) is zero-mean Gaussian distributed with variance

σ2
m̂n

(c) = E rxx1:n(c)
(
ERx1:nx1:n + σ2InM

)−1
rTxx1:n

(c)
(15)

From (14) and (15), we have k̂n(c) = k(c, c) − σ2
m̂n

(c).
The variance in (15) depends on a number of factors, such

as the spatial and temporal covariance, the sampling period d,
the node density δ, the energy per sample E, the number of
sensors M and the time instant t. As n→∞ and M →∞, we
have the following asymptotic results of σ2

m̂n
(c) and k̂n(c).

Theorem 2 Define the asymptotic posterior variance
σ2
e(u, v) := limn,M→∞ k̂n(c), where u = s

l − � sl � ∈ [0, 1]

is the relative position of s between two adjacent samples in
space and v = t

d − � td� ∈ [0, 1] is the relative position of t
between two adjacent samples in time. We have

σ2
e(u, v) =∫ 1

2

− 1
2

∫ 1
2

− 1
2

[
Ψ00(fs, ft)− |Ψuv(fs, ft)|2

Ψ00(fs, ft) +
1

γ0(d/δ−dc)

]
dfs dft

(16)

where γ0 := P0

σ2 is the signal-to-noise ratio (SNR), dc :=
Ec

P0
is

hardware energy normalized by the average power constraint,
and

Ψuv(fs, ft):=

+∞∑
m = −∞

+∞∑
k = −∞

ks((m+ u)l)kt((n+ v)d)e−2πj(mfs+nft)

(17)

is the 2-D discrete-time Fourier transform (DTFT) of se-
quences

{
ks((m+ u)l)kt((n+ v)d)

}
m,n

.

In addition,

lim
n,M→∞

σ2
m̂n

(c) = 1− σ2
e(u, v). (18)

Proof: To simplify notation, denote xi+u,n+v = x([(i +
u)l, (n+ v)d]T ) and yi,n = y([il, nd]T ). The linear minimum
mean squared error (LMMSE) estimation of xi+u,n+v based
on {yi,n}i,n is

x̂i+u,n+v =

+∞∑
m = −∞

+∞∑
k = −∞

h(m, k)yi−m,n−k (19)

where {h(m, k)} is the impulse response of the LMMSE filter.

Based on the orthogonal principle, E[(xi+u,n+v −
x̂i+u,n+v)yi′,n′ ] = 0, we have

+∞∑
m = −∞

+∞∑
k = −∞

h(m, k)ryy(i−m,n− k) = rxy(i+ u, n+ v)

(20)

where

ryy(i, n) = E[yi′+i,n′+nyi′,n′ ] = E ks(il)kt(nd) + σ2 (21)

rxy(i+ u, n+ v) = E[xi′+i+u,n′+n+vyi′,n′ ]

=
√
Eks((i + u)l)kt((n+ v)d) (22)

Based on the convolution theorem [14], converting (20)-(22)
into the frequency domain with 2-D DTFT, we have

H(fs, ft) =

√
EΨuv(fs, ft)

EΨ00(fs, ft) + σ2
(23)

Based on the orthogonal principle, the MSE can be calcu-
lated as

σ2
e(u, v)=E[(xi+u,n+v − x̂i+u,n+v)xi+u,n+v] (24)
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Combining (19) and (24) yields

σ2
e(u, v) = ks(0)kt(0)−
√
E

+∞∑
m = −∞

+∞∑
k = −∞

h(m, k)ks(−(m+ u)l)kt(−(k + v)d)

=

∫ 1
2

− 1
2

∫ 1
2

− 1
2

[Ψ00(fs, ft)−H(fs, ft)Ψ
∗
uv(fs, ft)] dfsdft

(25)

Then (16) can be obtained by combining the above equation
with (23). �

From Theorem 2, we can see that as n,M → ∞,
m̂n(il+ u, kd+ v) is a zero-mean Gaussian random variable
with variance 1 − σ2

e(u, v). Therefore, as n,M → ∞, the
statistical properties of m̂n(c) are periodic in space and
time with periods l and d, respectively. Define m̂(u, v) :=
limn,M→∞ m̂n([(i+ u)l, (k+ v)d]T ). We have the following
corollary regarding the distribution of m̂(u, v).

Corollary 1 As n,M → ∞, m̂(u, v) is zero-mean Gaussian
distributed with variance 1 − σ2

e(u, v), that is, m̂(u, v) ∼
N (0, 1− σ2

e(u, v)).

With the asymptotic results in Theorem 2 and Corollary 1,
we can get an explicit expression of the cost function in (5),
and the result is given in the following theorem.

Theorem 3 The cost function in (5), J (d, l) :=
limn,M→∞ 1

nd·MlE[e(nd)], can be expressed as

J (d, l) =
1

π

∫ 1

0

∫ 1

0

∫ π/2

0

[
1 +

1− σ2
e(u, v)

σ2
e(u, v) sin

2(θ)

]−1/2

× exp

(
− γ2/2

1− σ2
e(u, v) cos

2(θ)

)
du dv dθ. (26)

Proof: We first consider the conditional cost function,
limn,M→∞ 1

nd·MlE[e(nd)|y1:n]. From (8)-(12), we have

E[e(nd)|y1:n] =

M∑
i=1

n∑
k=1

∫ il

(i− 1)l

∫ kd

(k − 1)d
Q

⎛
⎝ |γ − m̂n(c)|√

k̂n(c)

⎞
⎠ ds dt

Performing change of variable, s = (i − 1)l + ul, and t =
(k − 1)d + vd in the above integral , and using the results
from Theorem 2, we have

lim
n,M→∞

1

nd ·Ml
E[e(Ŝ(nd))|y1:n] =∫ 1

0

∫ 1

0

Q

(
|γ − m̂(u, v)|√

σ2
e(u, v)

)
du dv (27)

In the conditional cost function in (27), there is only one
random variable, m̂(u, v) ∼ N (0, 1 − σ2

e(u, v)), which is a
function of y1:n. Therefore the unconditional cost function

can be expressed as

J (d, l)=

∫ 1

0

∫ 1

0

Em̂(u,v)

[
Q

(
|γ − m̂(u, v)|√

σ2
e(u, v)

)]
du dv (28)

With Craig’s alternative expression of the Q-function [15],
(28) can be reformulated as

J (d, l)=
1

π

∫ 1

0

∫ 1

0

∫ π
2

0

Em̂(u,v)

[
e
− (m̂(u,v)−γ)2

2σ2
e(u,v) sin2(θ)

]
du dvdθ

(29)

Define Z := (m̂(u,v)−γ)2

1−σ2
e(u,v)

, which is a non-central χ2-
distributed random variable with one degree-of-freedom and
the non-centrality parameter γ2

1−σ2
e(u,v)

. The moment generat-
ing function (MGF) of Z , MZ(s) = EZ [e

sZ ], is

MZ(s) = exp

[
s

(1− 2s)

γ2

1− σ2
e(u, v)

]
1√

1− 2s
. (30)

Combining (29) with (30) yields (26). �

Theorem 3 gives the exact analytical expression of the cost
function, which is expressed as a function of d, δ and other
system parameters such as the SNR γ0, the temporal and
spatial correlation covariance function kt(x) and ks(x), and
the normalized hardware energy consumption dc. Thus, given
{γ0, ρ, dc, kt, ks}, we can identify d and δ that minimizes the
cost function J in (26). The integration limits in (26) are finite,
thus the integrals in (26) can be evaluated with numerical
integration with high precision.

In the special case that the covariance functions are the
power law kernels, i.e., ks(x) = ρ

|x|
s and kt(x) = ρ

|x|
t with

ρs and ρt being the power law coefficients in the spatial and
temporal domains, respectively, we can get the closed-form
expressions of the 2-D DTFT in (17)

Ψuv(fs, ft) =
ρ−vd
t [ρdt (1− ρ2vdt )e2πjft + ρ2vdt − ρ2dt ]

1 + ρ2dt − 2ρdt cos(2πft)

×ρ−ul
s [ρls(1− ρ2uls )e2πjfs + ρ2uls − ρ2ls ]

1 + ρ2ls − 2ρls cos(2πfs)
(31)

Numerical results show that the cost function with the power
law covariance is convex in both sampling period d and node
distance l, thus we can always identify the optimal d and l by
using the Karush-Kuhn-Tucker (KKT) conditions.

V. SIMULATION RESULTS

Simulation results are presented in this section to demon-
strate the performance of the proposed level set estimation
algorithm with power law kernels. The threshold of the level
set γ is set to be 0.1.

Fig. 1 shows the asymptotic LSE error probability as
a function of the sampling period d under different node
distances l. The SNR is γ0 = 10 dB. The temporal and
spatial power law coefficients are set to be ρt = 0.5 and
ρs = 0.8, respectively. The normalized hardware energy is
dc = 0.05. The simulation results are obtained with n = 100
and M = 100. The simulation results with finite n and M
matches very well with the numerically analytical results with
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Fig. 1. Asymptotic LSE error probabilities as a function of sampling period
d under various node distances l.
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Fig. 2. Asymptotic LSE error probabilities as a function of node distances l
under various sampling periods d.

infinite n and M . Thus the asymptotic analytical results give
a very good approximation of the performance of practical
systems with finite n and M . Given l, the asymptotic LSE
error probability is a convex function of sampling period d
for d > dc/l. When d = dc/l, all energy is consumed
by the sensing operation and there is no energy to transmit
information to FC, which leads to a maximum LSE error,
Q(|γ|) = 0.46, the same error with a random decision
estimator. The minimum LSE error probability is achieved
with the optimal l∗ = 0.78, which corresponds to an LSE
error probability of 0.149 .

Similarly, Fig. 2 presents the asymptotic LSE error proba-
bility as a function of node distance l with different sampling
periods d. All other parameters are the same as Fig. 1. Given d,
the asymptotic LSE error probability is also a convex function
of node distance l for l > dc/d. The special case of l = dc/d
results in a maximum LSE error, Q(|γ|) = 0.46. The minimum
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Fig. 3. Optimal asymptotic LSE error probabilities as a function of SNR
under various dc (ρ = 0.5).

LSE error probability 0.149 is achieved with d∗ = 0.24 and
l∗ = 0.78.

Fig. 3 shows the optimal asymptotic LSE error probability
as a function of the SNR, under different values of dc. The
power law coefficients are ρt = 0.5 and ρs = 0.8. The optimal
asymptotic LSE error probability is obtained by identifying the
optimal values of d and l for each configuration. As expected,
the optimal asymptotic LSE error probability is a decreasing
function of SNR. For a given SNR, a larger dc yields a larger
optimal asymptotic LSE error probability, due to the fact that
more energy are consumed by the hardware.

VI. CONCLUSIONS

We have studied the optimal level set estimation of a
temporally-spatially correlated random field with linear sen-
sor network, under a total power constraint. The optimal
LSE algorithm was developed by using regression of a 2-
D Gaussian process. Then the exact LSE error probability
was derived with the assistance of frequency domain analysis.
The LSE error probability has been expressed as an explicit
function of a number of system parameters, such as the node
distance in the space domain, the sampling period in the time
domain, the covariance kernel functions, and the SNR, etc.
The optimum node distance and sampling period can then be
identified to minimize the LSE error probability. Simulation
results demonstrated that the proposed algorithm can achieve
accurate and efficient LSE.
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